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~ORRECTIONS MID ADDITIOHAL NOTES 
Page 2l: Eq. 9 should read. g 
;; = EiK + a lR .. R ] 
s 
Page 24, Eq 0 17 should read: 
[~ii /.!~ ] 
rp sy 
Page 21~, the expression for the static lil:fu.lly-plastic= mament should readg 
2 J't' 
M-rp /MSY = (c III i (z/c) dA 
Page 24; "che ~"q)ression for the increment. in moment, should reaC: g 
5M: /M = [c2/I] J'.Aelfl (Zjc)n+1 dA 
sy 
Page 25 ~ Eq. 1.9 should read ~ 
rf,p = rip + B[aMi IMSY] (~:)n 
Page 27;- Eqo 23 should read~ 
[ * 2 .. w = pEL /c~ e m 
Page 81> Fig .. 7~ M;)re recent inves·~iga.ti9ns have indicated that the 
constants B and n ore more .neB.;~1y~·.functions of the static 
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Page 131., Fig~ 6~: In the comparison of the resistances "for specimen 
47 D, the notations "for the yield stress magnitudes are 
reversed and ;2.0 should be substituted for 37.5 and 
37.5 should be substituted for 32.0 in the title for the 
various curves. 
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ABSTRACT 
The response and resistance of a dynamically loaded mild 
steel beam bas been approximated by consideration of a single-degree-
of-freedom model that is simpler for dynamic analysiso The resist-
ance of the beam and model bas been considered to consist of the 
fo~ow.ing phases: (1) an initial elastic resistance; (2) a subsequent 
inelastic resistance which may be a function of the displacement, 
veloCity, and time; and (3) finally, a recovery resistance that is 
essentially elastico The elastic phases of the resistance are 
functions of the displacement only and have not been considered in 
this investigation 0 
The initial phase of the inelastic resistance of the model 
was found to be a function of the velocity, the time, and the static 
elasto-plastic re-sistance- 0 This time-dependent resistance has been 
assumed to be given by the following expression: 
.. .. 
where w and R are the rate of change of the displacement and resist-
ance, respect! vely , with respect to ti...~; K is the elastic spring 
constant; R is the resistance; and Rfp is the static Ufully-plastic" 
resistance 0 The time-dependent reSisting function is applicable 
until the time that it is equal to or less than the static reSistance, 
which includes the effect of strain-hardening of the materialo 
From the information in the literature, and from a consider-
ation of the static inelastic deformation process, it was found that 
parameter a could be expressed as follows: 
where u' is a dimensionless velocity, T is the period of the beam, 
and ~, C, and n are constants 0 The constant t3, 'Which is determined 
by the load distribution along the beam, relates the velocity u' 
to the maximum strain-rate.. Because of the derived form of f3, the 
time-dependent resisting function is restricted to statically 
determinate beams.. The constant C is essentially a dynamic shape 
factor. Both C and n are determined, in part, by the relationship 
between the lower yield stress of the material and the strain rate. 
The applicability of the procedure was investigated by 
predicting the response of several beams and frames for known 
loads and COID:J?S.-1'"ing the predicted response with the response 
measured in tests. This comparison has indicated that the nagni-
tude of the derived constants are essentially correct but that 
further adjustment of the constant 13 is necessary .. 
From a brief study of the time-dependent reSistance, an 
apprOximate method has been outlined for estimating a dynamic 
"fully-plasticU reSistance to replace the more complex time-dependent 
resistance. 
Two additional investigations are included as Appendices; 
(1) A criterion for estimating the dynamic elastic limit resist-
ance and displacement of the structure. This eri terion is based on 
the available information concerning the delay time for yielding. 
(2) A semdgrapbical procedure for including the effect of strain-
hardening of the material on the static resistance and response 
of inelastically deformed structures. 
TABLE OF CONTENTS 
Io INTRODUCTION 
1. Introductory Remarks . . 0 • • • 0 0 0 
2. Object and Scope of the Investigation 
:; . Acknowledgment 0 0 • 
4. Notation 0 0 0 
II. DESCRIPTION OF THE PROBLEM 
5· 
6. 
Introduction 0 
Description of the Model 0 
7. The Resistance of the Model 
000 0 
8. Summary 00000000000 0 0 0 
III. INELASTIC RESISTANCE OF AN ELASTO-PLASTIC MODEL 
o 0 0 0 0 
iii 
1 
2 
3 
4 
10 
10 
J.2 
16 
9. Introduction 0 0 0 <> 0 0 0 0 0 0 <> " 0 0 0 18 
10 . Derivation of the Inelastic Resisting Function 0 C) 0 20 
ll. Derivation of the Parameter aKT () o. 0 
12. Derivation. of the Constant f3 .~ 0 O. 0 
Influence of Strain-Hardening of the Material on " . 
o G ~ .~ ~ ~ 0 o. 0 0 0 0 
. . . 
IV . SOLUTION;AND APPLICATION OF T1IE TIME-DEPENDENT· 
RESISTING FUNCTION 
15· Introduction 0 00000 0 o ,0 0 0 0 0.0 0 0 • 
16. Sol:ution of the ReSisting Function Equa.ticm <; 0 
1. 7. Solution . for ,the Response. ·and Re.sis~~nce of the 
s-D-F Model 0 , 0 .." 0 0 0 0·" 0 0 IS· 0 
21 
26 
36 
39 
39 
42 
TABLE OF CONTENTS (CONT' D ) 
V 0 COMPARISON OF THE PREDICTED AND MEASURED RESPONSE OF 
BEAMS AND MODEL FRAMES. 
Introduction 0 0 0 0 
190 Description and Results of the Tests of the; I 705 
iv 
47 
Beams 0 0 0 0 0 0 0 0 flo 0 0 0 0 0 0 0 0 0 0 0 0 0 0 47 
200 Description and Results of the Tests of the Model 
Frames 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0. .0 0 0 0 0 50 
210 Comparison of the Predicted and Measured Response 0 0 52 
22 0 Sll.lIllIIlry' 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 55 
VIo APPROXIMATE METHOD FOR ESTIMATING THE DYNAMIC RESISTANCE 
23 0 Introduction 0 0 0 0 0 0 .,. 0 0 0 0 0 Q 0 0 0 0 
240 Approximate Procedure for Estimating the Ti:me-
Dependent Resistance 0 0 0 0 .,. 0 0 0 0 0 0 .,. 0 
-. 
250 Approximate Relationship for an Initial Peak 
Tria.ngular Load 0 __ 0 0 0 0 0 0 0 .,. 0 0 0 0 0 
VII 0 SUGGESTIONS FOR FUTURE WORK 
Introduction 0 0 0 0 0 
270 Behavior of Inelastically De~ormed Materials 0 0 
Statically Determinate Beams 0 
Beam-Columns 0 0 (> 0 0 0 .,. 0 0 
300 statically Indeterminate Structures 
VIII 0 SUMMARY .AND CONCLUSIONS 
310 Sll.lIllIIlry' of Results .,. o 0 0 
;2.. Conclusions 
BIBLIOGRAPHY 0 0 0_ 0 
APPENDIX A - THE INITIATION OF YIELDING 
57 
60 
63 
63 
64 
65 
65 
71 
73 
135 
v 
TABLE OF CONTENTS (CONT'D) 
Page 
14> Introduction 4> " " .. .. .. 0 • .. " .. .. 4> 4> .. .. • 135 
24> Summary of the Constant Stress Test Resul.ts 135 
34> Cri terion for Determining the Dynamic Yield Stress .. ~6 
4 0 Criterion for Yielding in Terms of' the Displacement 140 
5 0 Summary 0 o· GOO 0 0 0 0 • 0 I) 0 • 0 .,. 0 o· 0 • o. 142 
APPENDIX B - THE STATIC OR DISPLACEMENT COMPONENT OF THE RESISTANCE 148 
vi 
LIST OF FIGURES 
Figo Noo Title 
1 The Single-Degree-of-Freedom MOdel 0 
2 The Resistance of the Model 
3 Mechanical Analog for the Time-Dependent Resistance 0 79 
4 Approximate Static Elasto-P1astic Resistance 0 0 0 0 0 19 
5 Lower Yield Stress as a Function of the Strain Rate 80 
6 Summary of the Constants -B and n <> 0 0 0 0 0 0 0 0 0 0 81 
7 Relationship Between B and n and the Ratio of the 
Maximum stress to the Static Yield Stress 0 0 0 0 81 
8 Equations for Determining (M.p.,./M ) and (5M B 1M ) for 
... ~ sy - sy 8 
9 
Wide-Flange Sections Q 0 0 I> 0 0 0 0 0 0 0 0 0 0 0 0 0 2 
Strain Distribution Along the Length of a Simply-
Supported Beam Subjected to Two Symmetrically Placed 
Concentrated Loads 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 83 
10 Strain Distribution Along the Length of a Simply-
Supported Beam Subjected to a Uniform Load 0 0 0 0 8; 
11 The Assumed Distribution of the Increment in Strain 0 84 
l2 The Assumed Distripution of the Total Strain 0 84 
13 
14 Relationship of t3p /f3 e and t3 wi th the Maximum Strain 
for the Simply-Supported Beam Subjected to Two 
15 
16 
17 
Concentra. ted Loads 0 0 0- 0 0 0 0 0 0 0 I> 0 0 0 0 0 0 0 86 
Relationship of t3p/t3 e and t3 with the Maximum strain 
for the Simply-Supported Beam Subjected to a 
Uniform Load 0 0 " 0 0 0 0 0 0 0 0 0- o o. 0 0 0 
Influence of Strain-Hardening on the Inelastic 
Resistance 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
Inelastic Time-Dependent Resistance for Deformation 
87 
88 
at a Constant Bate 0 0 0 0 0 <> <> 0 0 (> 0 0 ,0 0 0 0 0 0 89 
vii 
Fig. No. Title 
18 Conve~gence Limit as a Function of aIG: .. 0 .. 0 .... 0 90 
19 Constants for the Structure Used in the Illustrative 
20 
21 
22 
23 
24 
25 
26 
29 
30 
31 
32 
35 
Problem., .. 0 .. 0 0 .. 0 0 e .. 0 0 0 .. 0 0 0 0 0 ., .. 0 91 
Summary of the Loading Function Constants 0 0 0 ., 0 .. 91 
Loading Function and Frame Structure Used in the 
Illustrative Problem 0 0 0 0 0 .. GOO GOO 0 .. .,. 92 
aKT as a Function of u R for Illustrative Problems 0 93 
Static Elasto-Plastic and Strain-Hardened Resistance 93 
Response and Resistance for Case I; p = lOoOi 
o 
"'1 = 002 o· .. 0 0 .. 0 .. 0 .. 0 0 0 0 0 0 .. 0 0 0 94 
Response and Resistance for Case II; p = 2.0J o 1"1 = 1.0 0 0 a 0 0 0 0 0 0 0 ·0 GOO 0 0 0 0 0 95 
Response and-Resistance for Case III; p = 1.25 J 
1'1 = 5· 0 0 0 .. . 0 0 0 .. 0 0 0 0 o· ·0 0 0 0 0 0 0 0 .. 96 
Summary of Results for the Illustrative Problem 97 
Summary of the Maximum Resistance Obtained in the 
Illustrative Problem .. 0 0 .. 0 ., 0 0 0 c .. '" 0 98 
Comparison of the Beam Test Specimens 0 0 0 99 
Beam Specimen 60 S 3 I 7·5 Before Testing 100 
Beam Specimen 20 S 3 I 705 Before Testing 101 
Drop-Test Apparatus for the Dynamic Tests of Beams., 102 
End Reaction System for Dynamic Tests of Beams 103 
Summary of the Results of the Dynamic Tests of 
3 I 7" 5 Beams 0 0 .. 0 0 0 0 0 0 .. '" 0 0 0 0 0 104 
Summary of the Yield Stresses Obtained from Tension 
Coupons & Q .. 0 .. 0 0 0 0 .. 0 .. .. 0 " 0 .. 0 .. .. 0" 105 
viii 
LIST OF FIGURES ( CONTin) 
Fig. No. Title Page 
Moment-Strain and Load-Deflection Relationships for 
Static Tests of 3 I 7.5 Beams <> 0 coo <> 106 
37 Summary of Static Beams Test Results <> 0 107 
38 Energy-Input versus Maximum Deflection for the 
39 
40 
41 
42 
43 
45 
46 
48 
50 
3 I 7. 5 Beams 0 <> <> 0 0 <> 0 0 0 0 0 <> 0 0 
Dimensions of the Model Frame Specimen 
Apparatus for the Dynamic Tests of the Model Frames 
Summary of the Results of the Dynamic Tests of the 
Model Frames 0 0 0 0 0 0 0 0 0 0 0 0 <> 0 0 0 0 0 0 
static and Dynamic Resistances for the Model Frames 
Parameters, Used in Predicting the Response of the 
Beams and Frames 0 <> 0 0 <> 0 0 0 0 0 c> .. 0 0 0 0 0 
Relationship Between aKT and US for the 3 I 7.5 
loB 
109 
110 
111 
112 
113 
Beams and the Frames 0 0 0 ·,0 0 0 <> <> 0 <> 0 .. 0 0 0 0 114 
Comparison of the Predicted and Measured ~esponse 
of 'Specimen' 46 D 3 I 7.5' <> 00 .. 0 0 0 <> 0 0 0 " " 115 
Comparison. of;:.. the Predicted and Measured Response 
.. of' Sp~cim~n ,~i'n :;! 7.5, 0 0 0, 0 ~ ~ . ~ '<>~.; 0' ~ 0' 0, 0 116 
Comparison of the Predicted andMeasure~ Response 
of SpecUnen48 D,3-1 7.5 <> 0 0 C .. 0' 0" 0 .. <> 0 .. 0 ll7 
Comparison of the Predicted ·and Measured Response--
of Spe cimen 49 D 3 I 7.5 0 0 <> 0 0 0 0 0 0 0 0 0 0 li8 
Comparison of the Predicted and Measured Response 
of Frame 6 0 <> <> 0 0 0 <> <:!. 0 0 0 0 <> 0 0 0 0 0 0 0 1.19 
Comparison of the Predicted and Measured Response 
of Frame 7 0 0 <> 0 0 <> 0 <> 0 0 0 0 0 0 0 0 0 0 0 0 120 
51 Comparison of the Predicted and Measured Response 
52 
of the Beams and Frame s 0 0 0 0 0 0 0 0 0 0 0 0 0 0 J.2l 
Strain-Time Relationship for Various Sections Along 
the Length of Beam 47 D·3 I 7.5 <> 0 0 0 0 0 0 0 0 0 122 
Fig. No. 
53 
54 
55 
57 
ix 
LIST OF FIGURES (CeNT 1 D) 
Title Page 
Strain~Time Relationships for Beam Specimens 0 0 0 123 
Comparison of the Delay Time for Yielding versus 
Applied Stress Relationship Obtain~d from Beam 
Tests and Constant Stress Tests .. 0 0 0 0 " 0 0 0 124 
Strain-Deflection Relationship for the Elastic 
Response of the Beam Specimens 0 0 CJ <> 0 0 0 0 125 
Comparison of the Predicted and Measured Relation-
ship Between t3. /t3 and the Maximum Strain 0 0 0 " 0 <> l26 p e 
Relationship Between the Increment in Resistance 
and the Velocity u Q 0 U 0 0 0 0 0 0 0 0 0 0 0 0 I> 127 
Determination of the Approximate Dynamic Resistance 
for Case I 0 0 CJ c> 0 <> CJ 0 0 <> 0 0 0 0 () 0 0 0 0 0 0 128 
59 Determination of the Approximate Dynamic Resistance 
for Case II 0 " 0 0 q 0 0 0 0 o· 0 0 0 0 0 0 0 0 0 0 0 l29 
60 Determination of the Approximate Dynamic Resistance 
for Case III 0 <> " 0 0 <> 0 0 <> 0 " 0 0 0 0 0 0 0 0 0 0 130 
61 Comparison of the Approximate Dynamic Resist~~ce and 
the computed Time-Dependent Resistance for the Beam 
Specimens 0 0 0 0 <> <> <> 0 " 0 0 0 0 0 0 0 <> 0 0 0 "0 131 
62 Comparison of the Approximate Elasto-Plastic Resist-
ance and the Time-Dependent Resistance 0" 0 0 0 
63 Phase Plane Diagram for the Response of the S-D-F 
Model 0 " <> 0 0 0 0 0 0 0 0 <> 0 0 
132 
133 
64 Interpretation of the Cons~~t C1 133 
65 Constant Cl as a Function of the Displacement and Load Duration 0 0 0 0 0 0 0 coo 0 0 0 0 0 0 0 0 0 0 0 0 0 134 
66 Summary of Results of Constant stress Tests of Mild 
Steel 0 0 0 0' 0 0 0 0 0 0' 0 0 0 0 0 0 0 0 o· 0 0 0 c;. 0 144 
67 Summary of Constants for Results of' Constant Stress 
Tests 0 <> 0 <> 0 0 0 0 C> 0 0> 0 0 0 0 0 0 0 <>. 0 0 0 0 0 145 
68 Time for Yielding for Various Load-Time Relationships 1.46 
Fig. No. 
70 
71 
72 
73 
LIST OF FIGURES (CONT'n) 
Title 
Comparison of Predicted and Measured Dynamic 
Yield Stress .. 0 9 0 0 ~ • 0 " 0 0 
Assumed Stress-Strain Relationship 
Strain and stress Distribution Through the Section .. 
Moment-Depth of Penetration and Moment-Strain 
Relationships for a Typical Wide-Flange Section. 
Equations for Computing the Increment if Moment for 
Wide -Flange Sections .. 0 <> <> 0 0 .. 0 " 0 .. 0 0 0 0 • 
74 Relationship Between the Increment of Moment and h 
for a Wide-Flange Section Oriented in the Strong 
x 
147 
157 
157 
158 
159 
Direction... • 0 " 0 0 0 " 0 • " .. " 0 0 0 " <> 0 .. "" 160 
75 Relationship Between the Increment of Moment and h 
for a Wide-Flange Section Oriented in the Weak 
Direction 0 (I 0 0 .. 0 <> 0 0 " 0 " .. " .. 0 0 ., <> 0 0" 161 
76 Final Moment-Strain Relationships for a Wide-Flange 
77 
Se ction 0 0 .. 0 0 .. 0 0 • • 0 0 " 0 " 0 .. " 0 0 0 0 0 162 
Load~Deflection RelationShip for a Simply-Supported 
Beam Subjected to Two Concentrated Loads " " • 0 0 0 
INELASTIC BEHAVIOR OF MILD STEEL BEAMS' SUBJECTED TO 
TRANSVERSE IMPACT 
Io INTRODUCTION 
1 v Introductory Remarks 
The dependence of the load-carr,ying capacity of mild steel 
on time j the strain and stress history j and the strain me.gni tude has 
been recognized for some time~26}(27)(29)(52)(54)*o However, until 
recently, the application of this information to the determination of 
the resistance of complex structures has n~t been attempted except in 
the case of the propagation of plastic longitudinal waves in cylindri-
For beams the past work has been 
confined largely to the study of the elastic response or to special 
cases such'as the rigid-plastic behavior of beams(8)(23). Duwez(9) 
has studied the response of an infinite beam to impulsive loads using 
an inelastic resisting moment that depends on the curvature of the 
beam at a section 0 
In order to obtain a more practical solutidn to the problem 
of estimating the response of complex structuresp the structure is 
usually replaced~ for the purpose of analYSiS, by a single-degree-of 
freedom (s-d-f) model which is selected to reproduce the motion of 
some selected point on the given complex structure 0 Major emphasis bas 
been directed towards the study of the s-d-f model with the resistance 
* Numbers in parentheses refer to similarly numbered items in the 
Bibliography"and Selected References, Section VIIlo 
2 
defined as a function of only the disPlacement(5). In order that the 
predicted response more nearly equal the measured response, the elastic 
limit resistance frequently bas been increased to account for the effect 
of the dynamic nature of the loading 0 However ~ there bas not been an 
effort to develop the procedures for directly applying the information 
concerning the increased stress capacity of the material due to the rate 
of deformation to the determination of the resistance of the s-d-f modelo 
In the investigation discussed herein the problem of defining the 
dynamic resistance for the s-d-f model is considered 0 
20 Object and Scope of the Investigation 
In thi? investigationj the primary problem is the definition 
of the resisting function for a s-d-f model which is to replace a 
complex structure for the dynamic analysis of the responseo The resist-
ing function for the model can be considered to consist of an initial 
elastic resistance~ a subsequent inelastic resistance and finally a 
recovery resistance that is essentially elastic" The elastic and'recoyery 
resistances are essentially functions of the displacement onlyo The 
inelastic resistance3 ~owever~ can be time-dependent or a function of 
only the displacement» depending on the displacement of the model. 0 . The 
problem of estimating the magnitude of the inelastic resis~nce is 
considered in this .investigationo 
The relationship between the resistance and the displace-
ment? velocity and time in the inelastic phase of the resistance has 
been assumed to be of a given formo This definition of the resistance 
requires that certain parameters and constants for the model be deter-
mined 0 These parameters and constants essentially reflect the effect 
of the load-distribution, the shape of the cross section» and the 
3 
stress-strain relationship on the resistance of the model. The magni-
tudes of these constants are derived from the information contained in 
the literature and from considerations of the static inelastic deforma-
tion process. It is not the intent of this investigation to prove that 
this model and resisting function are correct but only to indicate that 
the response of a complex structure can be predicted using the s-d-f 
model and the assumed resisting function with the parameters derived 
\ 
from the available information 0 
In order to check the derived magnitude of the various 
constants and parameters J the response of simple beams and frames is 
. .' 
predicted with the assumed time-dependent reSisting function and com-
pared with the response measured in tests of these structures. This 
comparison indicates that the derived magnitudes of the constants are 
I 
essentially correct but that further study is required 0 
From a brief study of the time-dependent resistance for 
several typical structures J an approximate procedure for estimating the 
dynamic "fully-plasticn resistance of the model is derived 0 This proced-
ure can be readily applied to the estimation of the dynamic resistance 
by considering the response of the structure to the applied load when 
the structure responds elastically 0 HoweverJ further adjustment of the 
method may be required as more information concerning the time-dependent 
resistance becomes availableo 
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4. Notation 
For convenience the notation used throughout this report is 
summarized below~ 
Time 
t = time 
T = period of vibration of the structure 
T = dimensionless time = t/T 
T = dimensionless time for the maximum displacement 
max 
Deflections and Displacements 
w(x) = deflected shape of the structure where x is a 
coordinate axis oriented along the undeformed 
neutral surface of the beam 
. 
w = characteristic deflection of the beam or the 
displacement of the mass of the s-d-f model 
w, w = velocity and acceleration, respectively, of the 
w 
sy 
W 
max 
W 
P 
mass of the s-d-f model; the superscript dots 
r~fer to differentiation with respect to time t 
= displacement of the mass when the maximum stress 
in the structure equal~' the static yield stress 
and yielding is impending 
= displacement of the mass when the maximum stress 
in the structure equals the dynamic yield stress 
and yielding is impending 
= maximum displacement 
= permanent set of the mass 
u = dimensionless displacement = w/w sy 
Uay = dimensionless dynamic yield displacement = w/Way 
u r , Ull = dimensionless velocity and acceleration, respective-
ly. The differentiation is with respect to T 
Resisting Function for the structure and S-D-F Model 
R = resisting force 
R{w) = component of the resistance that depends only 
on the displacement or the resistance of the 
structure or model to a static load 
R = rate of change of the resistance with respect to 
time t 
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R = resistance when the maximum stress in the structure sy 
equals the static yield stress 
Rdy = resistance when the maximum stress in the structure 
equals the dynamic yield stress 
Rmax = maximum resistance 
r = dimensionless resistance = R/R sy 
rV = rate of change of the resistance with respect to ~ 
r' fp 
r 
max 
= dimensionless resistance when the maximum stress in 
the structure equals the dynamic yield stress 
static tlfully-plastic" resistance 
= dynamic "fully-plastic t1 resistance 
= maximum dynamic resisUmce 
6 
r 
s 
= displacement component of the dimensionless resistance 
or the static resistance 
Resistance Constants for the Cross Section of the Beam 
M = bending moment 
= bending moment when the maximum stress equals the 
yie.ld stress and yielding is impending = 0 ric 
. sy 
M
fP 
= static Ilfully-plastic l1 bending moment 
Mfp = dynamic tlfully-plastic
tl bending. mome.nt 
oM increment in bending moment caused by strain hardening . 
of the material 
oM' = increment in dynamic moment for standard ma.ximum fiber 
strain rate. This is·a cross section constant 
Loading Function 
p 
p 
= applied load 
= plR 
sy 
Stress-Strain Relationship 
(j = .stress 
G = static yield stress = static lower yield stress 
sy 
Gdy = dynamic lower yield stress 
00 = increment, in stress caused by strain hardening 
E = fiber strain 
E:'. = 
m 
'* em = 
extreme fiber strain in a section of a beam 
maximum fiber strain in the ~tructure 
strain at the start of strain hardening of the 
material 
e = strain rate with respect to time t 
~ = maximum fiber strain rate 
E = modulus of elasticity 
Ef = 
B = 
n = 
rate of change of the stress with respect to strain 
in the strain hardening portion of the stress-strain 
relationship 
constant ~ Determined by the relationship of the 
dynamic lower yield stress to the static 
constant lower yield stress for constant strain 
rate history 
Constants for the Criterion for the Initiation of Yielding 
td = delay time for yielding at constant stress 
o = stress for a delay time of one second 
o 
k = constant determined from the results of constant 
stress test' 
v = excess stress ratio = (0 - 0 )/0 
o 0 
w-
o 
u 
o 
= elastic displacement corresponding to a maximum 
stress in the structure of 0 
o 
= d~nsion1ess displacement corresponding to 
w = 'W /w o 0 sy 
¢ = parameter related to the tendency of the ma~erial 
to yield 
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¢c = value of ¢ at which yielding occurs 
¢ = rate of change of ¢ with respect to time 
o¢ = increment in rJ> 
structure Constants 
, 
L = characteristic length along axis of beam or one-bal.f 
of the distance between the reactions for symmetri-
cally loaded, simply-supported beams 
= distance from the support to the approximate point 
where yielding 1s impending when the "fully-plastic" 
resistance is developed 
K = Rsylwsy = elastic spring constant 
t3 
= constant which relates the displacement and maximum 
strain in the elastic structure 
= constant which relates the displacement w and the 
maximum strain in the inelastic deformation ra~e 
= constant which relates the dimensionless veloci~y 
u' and the maximUm fiber stra~n rate 
a ~ parameter which relates the increased res~stance 
(R ~ ,RfP ) to a component ~f the ve~ocity w. 
o:KT = dirile.nsionless parameter wh:i:ch relat.es the increa~ed 
elasto-plS.stic'resistance (r - r f ) to a component of the velocity u' p, 
C = structural constant = [B( 8M' 1M ) ] 11 n( € ) 
sy sy 
Cross Section Constants and Dimensions 
z = distance of a fiber of the cross section from the 
neutral plane 
c = distance of the extreme fiber from the neutral plane 
or in the case of the wide-flange section, one-half 
of the depth of the se,ction perpendicular to the 
X-axis or strong direction 
b = one-half the width of the flange 
f flange thickness 
w = one-half the thickness of the web 
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h = the distance from the extreme fiber to the fiber that 
is strained to the elastic limit ~ depth of penetra-
tion of the inelastically deformed material 
= distance from the extreme fiber to the:fiber that is 
strained to ~ ~tude -~sh = the depth of penetration 
of the strain hardened material 
A = cross sectional area 
A = area. of the cross section that is stressed elastically 
e 
A = area of the cross section that is in~lastically 
P stressed to cr = cr 
sy 
= area of the cross section that is stressed in the 
strai1t:-mrden1ng region of the stress--strain relation-
ship 
I = second moment of the cross sectional area about the 
neutral axis 
II. DESCRIPTION OF THE PROBLEM 
50 Introduction 
In the analysis of the response of beams and beam-type 
structures, such as simple frames, it is generally accepted that, for 
the dynamic loads arising fram blast and earthquake, the structure 
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can be replaced by an s-d-f model with a response that is essentially 
the same as that of the prototype 0 This procedure provides the required 
simplici ty for rapid analysis of the structure. However, a problem 
appears in determining the characteristics of the s-d-f model to use. 
When the structure is inelastically deformed the problem 
of determining the model is further complicated by the lack of definite 
information concerning the magnitude of the resistance and the phenomena 
on which the resistance depends. The major portion of this investiga-
tionis concerned with determining-the s-d-f model with a resistance 
defined on the basis of the available information. 
60 Description of the Model 
In the replacement of a structure by an s-d-f model, the 
model is required to exhibit the same displacement as some selected point 
of the structure when the model is subjected to- a. load that is of known 
relationShip to the load applied to the given structure. Thus, in the 
case of a beam subjected to a concentrated load at midspan, the model 
can be required to have the same displacement as the center of the beam 
when subjected to a load that is equal to the concentrated load. If' the 
beam is subjected to a uniform load of p per unit length, the model can 
be required to have the same deflection as the center point of the beam 
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for a load p, or a load equal to the total load, whichever is more 
desirable. By this de~inition of the modelas characteristics, it is 
apparent that the final selection of the model must be made by the 
analyst and that a variety of models can be selected to represent the 
given structure depending on the information required for the work that 
follows the dynamic response study. 
The model selected, however, has certaincbaracteristics 
which are fundamental.. The model, as shown in Fig. 1, must be assigned 
a mass, $ displacement w from some fixed reference system, a resistance 
R, and be loaded by some selected forcing function P.. Wi ~h t);lis informa-
tion the differential equation-of-motion for the model is 
mw = p{t) - R(w,w,t) [1] 
where w, w, and ware the displacement, velocity and acceleration of the 
mass m, respectively, pet) is the forcing function, and R is the 
resistiDg,function Which depends on the displacement, velocity and time. 
The remaining discussion can be simplified by expressing 
the equation-of-motion in dimensionless form. Since the initial portion 
of the response is essentially elastic, the resistance of the model 
depends only on the deflection and can be expressed as: 
R(w) = [R /w ] w s sy 
where Rand ware the resistance and displacement, respectively, 
sy sy 
[2] 
when the maximum stress in the structure equals the static yield stress 
and yielding of the material is impending. With this definition of the 
elastic reSistance, the equation-of-motion can be expressed in dimension-
less form by the introduction of the following variables: 
u = w/w . 
sy' 
T = tiT where T is the period of the structure; 
r = R/R ; in general r is a 
sy 
function of displacement, velocity and timeo 
Hence, 
In order to apply this equation for a given model, the period T, the 
12 
[4] 
yield displacement w ] the yield resistance R ,the resisting function 
sy sy 
R and the loading function must be given 0 In the remainder of this 
section, the general problem of defining the modelus resistance is 
discussed 0 
7. The Resistance of the Model 
In the previous section] the resistance of the model is 
considered to be a function of the displacement, velocity and t~e. In 
this section, two aspects of the problem of defining the resistance are 
discussed: the resistance of the model and the relationship between the 
model's resistance and the resistance of the given structure to the 
applied load. 
For the loading and type of structures that are of interest 
here, the resistance of the model can be divided into four parts or 
pbases~ the elastic resistance, a criterion for determining when the 
elastic response is terminated and inelastic behavior starts, the 
13 
inelastic resistance, and, finally, the recovery resistance. These 
phases are indicated in Fig. 2. 
The elastic resistance is assumed to be a linear ~unction 
of the displacement of the model, such that 
This expression for the resistance is valid until inelastic behavior 
starts at a deflection defined as wdy' the dynamic yield deflection. 
By means of the dimensionless variables defined in Eqo 3, the elastic 
resistance is 
r = u for 0 < u < Uay 
and the equation-of-motion becomes 
2 2 < < U II + 4lt U = 4n: p ( ,. ) for 0 u 
-
Uay [6] 
Thus, for a given load p(T), the elastic response can be found by 
solving Eqo 60 
The magnitude of the displacement Uay which defines the 
limit of the elastic response of the model, is determined by a criterion 
that is described in Appendix A and Reference (18)0 The estimation of 
the dynamic yield displacement requires consideration of the time delay 
for yielding of mild steel which bas been described by Clark(6), 
WOOd(48), vreeland(45), TaYlor(4l), and Massard(27)0 
When the displacement of the model exceeds Uay' the resist-
ance is no longer a linear function of the displacement but depends on 
the displacement, velocity and time. This inelastic range of the resist-
ance continues while the velocity of the model is greater than zero. 
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Instead of considering the resistance as a function of the displacement, 
velocity and time, the dynamic resistance can be considered to depend on 
a resistance component that is a function of the displacement and a 
component that depends on the velocity and time, as shown in Fig. 2. The 
displacement component of the resistance R is assumed to be the resist-
s 
ance of the model when the applied load is static. With this considera-
tiOD the dynamic inelastic resisting function can be expressed as 
R = R[R ,w,t ] 
s 
for Way < W < w and max 
.. 
w > o 
where R is the resistance of the model to static load and w is the 
s ~x 
maximum displacement of the model. With the aid of the dimensionless 
variables this resisting function is 
r = r{r ,U',T) 
s 
[7] 
and the equation-of-motion becomes: 
for u 
max 
and u l > o. 
The remaining problem in this range of the response of the model is in 
defining the relationship between r, r , u' and T. 
s 
The fourth phase of the resistance is the unloading or 
recovery phase which occurs when the velocity of the mass becomes nega-
tive. If, during the loading, the model is inelastically deformed, a 
permanent set in the displacement exists after the motion of the model 
ceases. As shown in Fig. 2, the resistance is elastic during the 
recovery and can be expressed as~ 
R = R - [R /w ][w - wj 
max sy' sy max 
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where R is the resistance of the model when the velocity is zero. 
max 
In dimensionless for.m the recovery resistance is 
r = r~~v - (u - u) = u - u max p [8] 
The differential equation-of-motion for the model with the resistance, 
Eq. 8, is the same as the equation for the elastic response, Eqo 6, 
with the loading function given by p(T) + U • 
P 
In discussing the forms of the resistance of the model, 
as expressed by Eqs. 5, 7 and 8 j the displacement component of the 
resistance appears in a dominant role in the determination of the 
dynamic resistanceo This component of the reSistance, denoted by r , 
s 
provides the link between the model and the structureo For the 
problems of interest here, the resistance required in the analysis is 
the resistance of the s-d-f model that is to replace the structure. As 
was stated previouslY7 the s-d-f model is to exhibit the same displace-
ment as a point on the structure when the model is subjected to a load-
ing function that is related to the load applied to the structure. Also, 
in view of the differential equation-of-motion, Eq. 1, the resistance 
must be related directly to the load applied to the model. Thus, for 
this study, let us consider that the displacement component of the 
resistance r , can be derived by statically loading the structure with 
s 
a force RI that is distributed along the structure in the same manner as 
the dynamically applied load and that the load RS is related to the 
model in the same manner as the dy:namic load Po By the procedures 
described briefly in Appendix Bj the displacement of the selected point 
of the structure can be determined for each value of R~ 0 The relation-
Ship between RI and the displacement is, by definition, the displacement 
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co~onent of the resistance. This definition of the displacement 
co~onent R assumes that the mode shape of the structure during the 
s 
dynamic response is the same as the deflected shape of the structure 
for static loads 0 Though this procedure is somew:b..a.t in error, it does 
allow for changes in the mode shape of the structure with increased 
deflection which would undoubtedly be required when inelastic deforma-
tions occur. 
8. Summary 
In this section the general problem of the selection of an 
s-d-f model to be used as a replacement for a structure with distributed 
mass and flexibility is discussed. During the initial phases of the 
response, the structure, and consequently the model, are assumed to 
behave elastically and the resistance is proportional to the displace-
ment. When the displacement of the model exceeds a certain limiting 
displacement, as determined by an independent criterion, the resistance 
becomes a function of the displacement, velocity and time. The final 
phase of the resistance is the recovery phase in which the resistance is 
again assumed to be elastic. 
In order to define the inelastic resistance of the model in 
such a way that it is derivable from the resistance of the given 
structure, it bas been assumed that the inelastic resistance, which may 
be time and velocity dependent, can be considered to consist of a displace-
ment component and an increment, of resistance which is time-dependent. 
Further, it has been assumed that the displacement component of the 
resistance can be obtained by considering that the structure is static-
ally loaded with a force distributed over the structure in the same 
manner as the dynamic load. The relationship between the static load 
and the displacement of the structure is the displacement component of 
the resistance and the relationship between the s-d-f model and 
l7 
structure is accordingly established. This procedure for obtaining the 
displacement component of the resistance is not correct but provides a 
reasonably simple method of defining the resisting function for the model. 
Further clarification of the interrelationship between the resistances 
of the structure and model is needed. 
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IIIo INELASTIC RESIST.A..NCE OF AN ELASTO-PLASTIC MODEL 
9. Introduction 
When the deflections of the structure exceed the dynamdc 
yield deflection the resistance of the structure can no longer be 
assumed to be elastic j and inelastic behavior of the material requires 
that the resistance be a nonlinear function of the deflection. Since 
the structure is replaced by the simpler s-d-r model~ the model must 
exhibit the same nonlinear "behavior as the structure 0 In the past, the 
resistance of the structure, and thus the resistance of the model, has 
been assumed to be a nonlinear function of the displacement, and the 
dependence of the resistance on velocity and time has not been included 
in the definition of the inelastic resistance. In the case of distribut-
ed mass systems:J the analyses by conroy(8) and l)t..lwez(9) are typical. 
The single-degree-of-freedom sys'~em v.rith an inelastic resistance that 
depends on the displacement has been studied by Brooks(5)0 
The application of a time-dependent inelastic resistance 
has been studied by Malvern(25) and Stuart(38 ) for use in explaining 
some of ·the phenomena noted. in the propagation of large amplitude 
longitudinal strains in work-bardenable and strain-rate materialso 
Rubin(35) has indicated that for large plastic strainsJ the solution 
obtained using the time-dependent stress-strain r~lationship proposed 
by Malvern reduces, to the sol1.ltio'n of' the same problem ob.tained using 
Von Karman~s(44) theory which neglects the time-dependence of the 
resistance 0 The stress-strain relationship proposed by Malvern can 
be expressed as 
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E s = a + g( a - a ) 
o s 
o 0 
where E is the modulus of elasticity, € is the strain-rate, a is the 
o 
stress-rate, a is the total stress, and a is the relationship between 
s 
the stress and strain for static deformationso In applying this stress-
str,ain relationship, the function g(a - a ) was selected as k[a - cr ] 
s s 
where k is a constant determined by the properties of the materialo The 
tests by stuart indicate that this stress-strain relationship reproduces 
some of the observed phenomenao In particular, it was found that when a 
work-bardenable material is inelastically deformed and then subjected to 
a short-duration high-amplitude strain pulse9 the lead edge of the pulse 
propagates with the elastic velocity rather than the plastic modulus 
corresponding to the initial stress and strain conditions of the material~ 
zener(53)p in discussing the properties of materials with small plastic 
strains, indicates that the material body acts asa combined viscous and 
eJ.astic body in which the elastic portions are surrounded or partia.lly 
surrounded by viscous layers ~ The viscous behavior is a.pparently 
associated with the slip bands in the crystalline structure and in the 
vicinity of the grain boundaries 0 If' this concept is correct, the visco-
elastic behavior of the material would indicate that the stress-strain 
relationship proposed by Malvern is partially correcto 
The need for the introduction of a time-dependent inelastic 
resisting function bas been noted in a series of beam tests performed a.t 
the University of Illinois(18)(19)(46)(47)o These tests indicate that 
the resistance of mild-steel beams fabrica.ted from as-rolled 3 I 705 
sections is approximately twice the static resistanceo Later tests of 
4 M 1300 beams(47) and ideal model frames(46) indicate that the dynamic 
resistance is significantly greater than the static resistanceo The 
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model frame tests also indicate that the increased inelastic resistance 
only occurs in the early phases of the inelastic resistance and that 
for large deflections the static resistance, including the effect of 
strain-hardening of the material, provides the best estimate of the 
structure t S resistance.. From this:; it appears that the time-dependent 
resistance is asso~iated with the portion of the stress-strain relation-
ship between the initiation of yielding and the start of, strain-bardeningo 
In the discussion to follow~ attention is given first to the 
time-dependent inelastic resistance of an ideal elasto-plastic modelD 
Later, an approximate procedure for including the effect of strain-
hardening on the model's resistance is described 0 
10. Derivation of the Inelastic Resisting Function 
In order to include the time-dependent character of the 
resistance as a logical extension of the stress-strain relationshiPJ the 
resistance of the model in the inelastic range is defined to be of the 
same form as the stress-strain relationshipo Thus~ t4e ve~ocity of the 
mass W, is divided into an elastic co~onent w and a plastic component 
e 
w such that p 
w = w + w e p 
The elastic component of the velocity can be expressed in terms of the 
rate of change of the resistance R as 
W = R/K 
e 
where K is the elastic spring constant and equals [R /w ].. The 5y' sy 
plastic component of the velocity, as in the stress-strain relationship~ 
is defined to depend on the difference between the dynamic resistance R 
and the static resistance R as follows: 
s 
w = a{R - R ] p s 
where a is a parameter to be determined later and R is the static 
s 
resistance of the ideal elasto-plastic model. The resistance R is, 
s 
2l. 
by definition, a function of the displacements only. With these defini-
tions the final form of the inelastic reSistance is 
~. = !ilK + a[R - R ] [9] p . s 
for the condition that w~< w < wand w > 0. A mechanical analog 
\.A..:f. max 
for this resisting function is shown in Fig. ;. 
The resisting function, Eqo 9, can be expressed in terms 
of the dimensionless variables defined by Eq. ;, as follows: 
u' = ri + o:KT [r - r ] 0 
s 
[10] 
With the definition of the inelastic resistance, Eqo 10, the model para-
meters are the period T,9 the static yield reSistance, R , the static 
sy 
yield displacement, w ,the time-d.ependen.t resistance parameter, 0, 
sy 
and K the ratio of R to w • In addition to these parameters, the 
su sy 
static e1asto-plastic resistance r must be known 0 
s 
11.. Deriva. tioD of the Parameter aK T 
In the resisting function, Eqo 10, the only parameter that 
is unknown is the time-dependent parameter aKT which relates the plastic 
velocity with the excess of the dynamic resistance over the static 
e1asto-plastic resistance. 
If the s-d-f model is displaced at a constant rate u' the 
c' 
influence of the mass on the response can be neglect,ed and the 
i 
resistance r as a function of l' can be found by solving the following 
differential equation: 
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r ~ + oK'!' r = u~ + o:KTr s 0 [11] 
For a statically determinate structure of rolled structural shapes~ 
the static resistance r approaches the static flfully-plastic fl resist-
s 
a.nce soon after the yield limit for the structure is exceeded 0 Thus Jj 
the static inelastic resistance can be approximated, as indicated in 
Fig. 4, by a constant resistance rfp0 With this definition of r
s
' 
the resistance r{ -r) can be found by integrating Eqo 11 to obtain 
If r equals ro·when ~ equals zero, the constant C1 is 
and the final expression for the resistance as a function of T is 
As time increases, the resistance r(T) approaches a limiting value 
rf.p given by 
and the parameter aKT is Jj therefore, 
[12] 
[13] 
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aKT = u 9 / (rf
i 
_" r ) 0 
c P fp [14] 
The remaining problem is concerned with the determination of rfp for the 
model when the model is displaced at a constant rate u i 0 
c 
The dynamic ft;fully-plastic" resistance rfp~ can be deduced 
by considering the resistance of an element of the beam when the maximum 
fiber strain-rate is a constanto If the maximum fiber strain-rate is 
€ , the strain-rate € at a distance z from the centroidal axis is given 
m 
by 
€ = ~ (z/c) 
m 
where c is the distance from the centroidal axis to the extreme fiber. 
This definition of the strain-rate distribution is comparable to the 
assumption of a linear strain distribution in beams subjected to a 
bending memento 
The relationship between the lower yield stress and the 
strain-rate has been studied by ManjOine(26)j Morrison(28)~ and, more 
recently, by Massard(27)0 The results obtained by Manjoine, and 
Morrison, are for tensile tests of coupons of various steels strained 
at a constant rate. Massard obtained the relationship between stress 
and strain-rate from constant stress test results by measuring the 
strain rate for various levels of applied stress. The results of these 
tests, as shown in Fig. 5 and Fig. 6, can be conveniently represented 
by the following expression: 
(~d / (J ) = 1 + B (E)o y sy [15] 
where (Jdy is the dynamic lower yield stress corresponding to the strain-
o 
rate € and (J is the static lower yield stress 0 The values of B and n sy 
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with the ratio of the lower yield stress to the maximum stress is shown 
With the relationship between the yield stress and the 
strain-rate, the lower yield stress of the fiber at a distance z from 
the centroidal axis of the beam is 
[16] 
The bending moment at the ttfully-plastictT condition corresponding to the 
distribution of stress in Eqo l6 is~ 
if 0 n n Mfu = «(j) [1 + B( e ) < z/ c) ] zdA p sy m 
A 
where the integration extends over the complete cross-sectional area A. 
Since the static yield moment for the section is 
M = (0 I)/c 
sy sy 
the dynamic lI:fully-p1astic" moment M~p is, in dimensionless :form, 
(Mh,/Mf'p) = (e2/I)[ If (z/c)dA + B(em)n ffiz/e)!H-ldA] 0 [l7] 
However, the term of Eqo 17 
A A 
(cI) If (z/c)dA 
A 
is the static Itfully-plastic" moment divided by the yield:momentjl 
BM'/MSY = (e/I) If (z/e)!H-ldA , 
A 
the expression for the dynamic flfully-plastic fl moment.? Eqo 17 is 
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[18] 
The expressions ~or (M~ 1M ) and (8MB/M ) for the wide-flange section 
.Lp . sy sy 
are shown in Figo 80 
In Eqo 14, the resiatance rfp' which is related to the load 
capacity of the structure, is required rather than the moment capacity 
of the section given by Eqo 180 As in the case of the statically loaded 
structur~.? the load capacity rfp is assumed to be the same as themom.ent 
capacity M~/M " Therefore, the dynamic nfully-plastic l1 resistance 
-'-.,t:' sy 
rfp is related to the maximum fiber strain-rate by 
[19] 
I 0* where r f equals Mf' M ~ and € is the maximum strain-rate occurring in p p sy m 
the structure 0 
In order to define the parameter aKT for use with the 
s-d-f model, r fp must be related to the velocity US of the mass. The 
derivation of an approximate relationship between u~ and'the maximum 
0* 
strain-rate in the structure € is presented in the next section. For 
m 
the remai!~derofthisdiscussion.itis assumed that US can be expressed 
in terms of the-strain-rate as follows: 
[20] 
where ~ is a constant that depends on the shape of the cross section, 
the boundary conditiOns, and the load distribution along the structureo 
With Eq. 20;> the dynamic Iffully-plastic" resistance rh, is 
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r~ = rfp + [B(8MujM )(~ )n/(~T)n](un)n 
.&oJ:' sy sy 
= rfp + [C/~T]n (Ui,D 
where C is a constant given by the following expression 
1 
C = [B(5M i /MSy)]n (esy) 
[21] 
The final expression for aKT ~ obtained by substituting Ego 21 in l4J' is 
[22] 
From this expression,!) it can be seen that the parameter aKT for i" given 
structure can be determined by estimating the magnitude of the constants 
C and f3 ~which depend ol?- the shape of the cross seetion and the load 
distribution~ and the additional constants B and n which depend on the 
material used in forming the structureo 
120 Derivation of the Constant 13 
The parameter a~ which is given by Ego 22.,9 depends on the 
magnitude of the constant ~ 0 This constant relates the velocity un and 
the maximum strain-rate occurring in the structure by the following 
equation 
In this section two problems are considered~ first» to determine if f3 is 
a constant~ and second~ to estimate the magnitude of f3 for various load 
distributions .. 
Before the relationship between the velocity and strain rate 
can be developed,ll some consideration must be given to the relationship 
between the displacement and the strainso In the elastic range the analy-
sis is -quite simple since the mode shape of the strucure is a constant 0 
In this case$ a constant is required to relate the displacement w 
'* , 
and the maximum strain ~ by the folloWing expression 
m 
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'* w = t3 [e L/ c) 
e m 
[23] 
If the dimensionless variables are introduced; the displacement u is 
'* equal to the ratio of E to the yield strain £ 0 
m sy 
When the maximum strain in the structure exceeds e in one 
sy 
portion of the beam» the strain distribution is no longer the same as 
the distribution of bending moments along the structure 0 In Figs 0 9 
and 10 are shown the strain distribution along the length of the beam 
for two loading condi tions 0 These figures indicate that in the 
inelastically deformed structure, the fiber strain increases rapidly 
as the region of high moment is approached. In general, the exact form 
of the strain distribution, as a function of the distance along the 
beam and the magnitude of the load, cannot be obtained in a, convenient 
and practical forma However, the strain distribution can beapproximat-
ed by assuming that the increment in strain oe:!i where 
o£ = € (x) - € J 
m sy 
is a parabola with its vertex at L J as ShOWll in Figo 
c 
, "I 
.J...J,. 0 
deformations occur in a region of constant moment, the increment in 
'* strain is a constant (~ - is: ) in this region 0 The final distribution 
m sy 
of the increment of strain is, then, 
O£ = (e - E ) = (e* - € )[{x/L - L /L)]2 for Lc ~ x < L [24] 
m ~ m ~ c 
* and oe = (e - E ) -in the regions of the beam subjected to a constant 
m sy 
'* moment which results in a strain of magnitude ~ a 
m 
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For the computation of the displacement, however, the total 
strain along the beam is required. For this analysis :J it has been 
assumed that the total strain is com.posed of the increment in strain; 
defined in Eq. 24, plus a strain distributed in the same manner as the 
bending moment with an ordinate of € at x equals L, as shown in 
sy 
Fig. 12. Thus, if the moment distribution is 
M = M(x} 
the total strain is 
€ (x) = [M(x)/M(L) ] e for 0 < x < L 
m sy - c 
[M(x)/M(L)] 
€ + B€ for L < x < L = sy c 
'* = € for a region of constant moment .. m 
The deflected shape of the beam can now be determined by solving the 
following differential equation 
2 2 (d w/dx ) = € (x}/c 
m 
which assumes that a plane section through the beam remains plane after 
deformation and tbat the deflections and strains are small. From the 
solution of the deflection equationJ the deflection of the characteristic 
point can be determined 0 In general, the deflection of some point on the 
neutral surface of the beam can be expressed as 
"* 2 
w = f3 (e L /e) p m 
'* whe~e f3p is ~ ~uncti9~.?f (€syl:m) and {Lc/L}o By the relationship 
[25] 
between the deflection and the strain in Eqo 23, the inelastic deflection 
can be expressed in terms of the dimensionless variables as 
'* u = (~ /~ )(E~/£ ) P e rrt sy 
2 
since w equals ~ (e L /c}o 
sy e sy 
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[26] 
Further adjustment of Eqo 26 is possible since L /L varies 
c 
with the maximum straino When the maximum fiber strain equals e ~ L 
sy c 
equals L and, as the maximum strain increasesp L decreases until it 
c 
. reaches a limiting value L U when the maximum strain is large 0 The 
c 
* variation of L /L with e has been assumed to be as follows 
. c m 
€ 
L /L = 1 - (1 - sY){l - Li/L)o [27] 
c * c E 
m 
Typical values for L 1 /L for various cases are shown in Fig 0 13 0 Wi th 
c 
this expression for L /L, the parameter ~ I~ p Eqo 26~ can be expressed 
c p·e 
as a function of the maximum strain in the structureo 
In order to illustrate the derivation of the relationship 
between the displacement u and the maximum strain in the structure j let 
us consider a simply-supported beam with a constant cross section 0 First 
consider the case of the beam loaded symmetrically with two concentrated 
loads at a distance d from the supportsp as shown in Figo 140 In this 
case~ the inelastic strains occur in the portion of the beam between 
the concentrated loads and in the portion of the beam on the support 
side of the loads between x equals d and x equals do For the elastic 
c 
'* beam, the maximum strain ~ is less than € and the dispJ.a.cement of the m sy 
center of the beam at x equals L 1s 
When the maximum strain in the structure exceeds € , the 
sy 
strain distribution shown in Figo 9 must be usedo The displacement at 
x equals L is 
and 13 is given by p 
€ e d d d 2 1 d2 
I3p = [~ !y + i2 (1 - !y) (3 + d C) (1 - de)] (-) + -( 1 - ---) 
..I e L 2 L2 
m m 
With the definition of the elastic limit displacementj the expression 
for (13 /~ ) is p e 
'* However, since d Id varies with € j as given by Eqo 27 j the final 
c m 
expression for (/3 113 ) is p e 
E 
The variation of 13 113 for increasing values of (1 - !Y) is shown in p e 
Em 
Fig. 14, for several values of d/L and d IL 0 
c 
As a second case, consider the simply-supported beam 
subjected to a uniform loado The total strain distribution for this 
case is shown in Fig. 100 In the elastic range the deflection at mid-
span is 
30 
[28] 
* 2 weLl = (5/12)(e L /c) 
m 
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and f3' is (5/12) 0 When the maximum strain- exceeds E 1 the deflection 
e sy 
corresponding to the strain distribution in Fig .. 16 is 
ELL E e*L2 
w(L) = [2.... sY + l- (:; + .....£)(1 .... ....£)(1 _ sY)]..2!!..-
12 '* 12 L L '* C 
so that (t3 /f3',) is: p e 
€ E 
m m 
L L 2 E 
t3 /~ = 1 - ![ 2 + 2 .....£ + -.£....] (1... !y) 
p e 5 L L2 E 
m 
'* The final expression for (f3:p/f3e ) in terms of only the ration ~sylEm
is obtained by substituting Eqo 27, in the preceding equation to obtain 
'* The relationship between (f3 /f!> ) and e I e: is shown in Fig o· 159 p e sy' m ' 
As shown in Figs. 14 and 15, the value of (f!> /f3 ) varies p e 
'* appreciably with the maximum strain e 0 However, in the dynamic analysis, 
m 
the relationship between the velocity and strain-rate, as expressed by 
Eq ~ 20, 1S re quired 0 The displacement of the model is given by 
The velocity u' is, therefore, 
'* '* u' = (e~/E )[d(f3 /~ )/dT] + (f!> /f!> )(T/e )(d€~/dt) ~ sy pep e sy m 
'However, since [d(f!> /f!> )/d~] can be expressed as p e 
[:;0] 
[d(f3 /f3 )/d-r] p e 
e £sy 
= [d(f3 /f3 )/d(l - !Y)][d(l - ~ )/dt](T) 
peE e 
m m 
Eq. 30 can be written as 
e d{f3 /f3 ) dE '* 
_ *Sy ;p e ](T/e )....2!! 
e sy dt 
Em del - !y) 
e 
m 
so that f3 iSi by definition~ 
'* £ f3 = (f3 /f3 ) - (£ Ie )[d(t3 /t3 )/d(l - !Y)] p e sy' m peE 
m 
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[32] 
The remaining problem is to evaluate t3, defined in Eqo 32, 
for the given load distribution and structure 0 Because of the complexity 
of the expressions for (t3 /f3 ) for the two illustrative problems, the p e 
detailed expressions for the variation of f3 with the magnitude of the 
strain are not presentedo However~ the relationship between f3 and 
* e" / E are shown in Figs G 14 and 15 for case of beam with the symmetrical IIi sy 
concentrated loads and the case of the uniformly loaded beam~ respective-
ly. These figures indicate that even though the ratio of ({3 /t3 ) varies p e 
'* considerably with e , the parameter:f3 is nearly constant for large changes 
m 
in the strain magnitude.. Thus, in the case of the beam subjected to two 
symmetrically placed concentrated loads, the value of {3 changes approxi-
mately 10 per cent for an increase of the strain from twice the elastic 
limit straino The value of t3 is more varia.ble in the case of the uni-
formly loaded beam, as sho'WIl in Fig 0 150 However.9 in this ca.se, t3 
33 
changes 10 per cent for the strain increasing from five times the elastic 
limit strain 
From this derivation it appears that the velocity and the 
strain-rate can be related by considering the displacement and the 
maximum strain in the structure. The predicted relationship between 
~ and the strain do~ however~ exhibit an error in the early stages of 
the. inelastic deformation 0 When the maximum strain is ,less than the 
elastic-limit strain~ velocity u! and the strain-rate are given by the 
following expression 
As soon as the maximum strain exceeds E the value of' ~.!1 as indicated 
sy 
in Figs 0 14 and 15 ~ sudden1.y changes and becomes less than one 0 This 
discontinuity in ~ is a result of the approximations made in deriving 
the displacement-strain relationship. However» this error in the value 
of ~ is concentrated in the range where the strain are small and 
probably is of only slight importance in the problem that is considered 
in this investigation 0 
The derived vaJ.ues of (t3 If:; ) and t3 are,9 for most cases,9 p e 
s:maller than the correct values because of the error :made in assuming 
the total strain distribution. This is particularly true in the case of 
a beam subjected to a concentrated load at mid~spano From the available 
test data it appears that t3 should have a value of between 001.0 and 0.20 
rather than the 0009 derived herea 
130 Influence of stra.in-Hardening of the Material on the Resistance 
In the discussion of the dynamic resistance of mild steel 
structures, consideration bas been given to the resistance of an ideal 
elasto-plastic materialo After yieldingy the resistance of the material 
depends on the deformation rate and the history of the ~oadingo However j 
as discussed in Appendix B~ mild steel is not ideal and when the deforma-
tion exceeds a certain limiting value the resistance riseso The 
results of the tests by ~Oine(26) indicate that the relationship 
between the stress and strain in the strain-hardening region is nearly 
independent of the strain-rate and$ as in the elastic range~ the stress 
can be considered to be a function of the strain nagni tude only 0 The 
transition of the resistance of the s-d-f model from the time-dependent 
resisting function discussed previously to the static strain-hardened 
resistance cannot be completely analyzed at this timeo However.9 some 
qualitative conclusions» which are borne out by the test results 
described in Section V~ can be madeo 
In the case of the flexural system.9 the strain magnitude 
varies from point-to-point within the structure and» as a consequence» 
the strain-rate differs throughout the structureo Through a cross 
section of the beam there is a strain gradient varying from the max; mum 
strain at the ·surface to zero at the neutral surfaceo In addition to 
this gradient of the strain there is a gradient of the strain along the 
length of the structure 0 As indicated in Figs 0 9 and 10.9 the maximum 
strains are concentrated in the regions of the structure where the 
material is inelastically deformedo Some conclusions concerning the 
influence of strain-hardening of the material can be obtained by consider-
ing these strain gradientso 
Since the only material that is strain-rate sensitive is the 
material that is yielding~ only the Uflat portion of the stress-strain 
relationship is changed by the strain-rate and the elastic and strain 
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hardening stress level are not affected. If the lower yield stress for 
the extreme fiber is used for all fibers of the section the moment-
strain relationship shown in Fig. 16 is obtained 0 This relationship is 
compared with the static moment-strain relationship in this figure 0 
However~ since only the extreme fiber exhibits the high yield stress and 
the yield stress approaches the static value as the neutral surface is 
approached~ the actual moment-strain relationship probably follows the 
path indicated by the dotted curve in the figure. Thus» it a.ppears that 
the basic moment-strain relationship approaches the static relationship 
when strain-hardening of the material occurSo 
If the moment-strain relationships~ shown in Figo 16~ are 
assumed to be valid for all sections of the beam» the load-deflection 
relationships shown in Figo 16 are obtained for the case of the simply-
sup~orted beam subjected to concentrated loads at-a distance d from the 
supports 0 These relationships indicate that the increased resistance 
resulting from the yield stress is realized only during the initial 
phase of the inelastic deformation and that the resistance of the struc-
ture approaches the static resistance as the displacements increase~ 
The transition from the time-dependent resistance to the static strsin-
hardening resistance is hastened by the existence of a strain-rate 
gradient along the length of the structure 0 This strain-rate gradient 
along the beam probably results in the load-deflection relationShip 
following a path similar to the dotted curves in Figo ~6o However, 
there is no theoretical analysis to verify these conclusionso 
Since the actual load-deflection relationship varies 
considerably depending on the deformation rate~ some simplification of 
the analysis is requiredo As shown in Figo 16 and» from the results of 
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the tests described in Section V, a reasonable assumption is to associ-
ate the time-dependent re'sistance with the static flfuJ.ly-plastic ft 
resistance. . When the time-dependent resistance equals the static 
resistance at the same displacement, the static resisting function should 
be used in the dynamic analysis. 
14. Sumnary 
The inelastic time-dependent resistance of an elasto-
plastic structure has been assumed to depend on the velocity of the mass 
of the s-d-f model and the static "fully-plastic" resistance as follows: 
u' = r! + aET [r - r ] fp 
where un is the dimensionless velocity, r is the dimensionless resistance j 
rrp is the static "fully-plastic" resistancejl and aKT is a dimensionless 
parameter which relates the resistance with the velocityo 
In order to apply this resisting function the parameter 
a KT must be defined for i;he given structure. From the information 
available in the literature on the relationship between the lower yield 
stress and the strain-rate, and by considering the static inelastic 
deformations, it is found that t;ne parameter aKT could be expressed as a 
function of the velocity U U in the following form: 
where the constant C. is given by 
The constants appearing in these expressions arise from three sources~ 
37 
the relationsbip between the lower yield stress for a deformation that 
occurs at a constant rate, the shape of the cross section, aDd the 
distribution of the load along the structures combined with the boundary 
conditions. 
The constants B and n are determined from the relationShip 
between the lower yield stress and the strain-rate which is assumed to 
be represented in the following form~ 
(cr I cr ) = 1 + B (€)n 0 dy' sy 
The constant· [B( MI/M )], expresses the increa.se in the .'1fully-plasticTl 
sy 
resistance and reflects the influence of the shape of the cross section 
of the beam. 
The constant f3, which is the most difficult to define, 
relates the velocity of the mass to the Tn9.ximum fiber strain-rate in the 
structure. It is because of this constant that the derived expressions 
for the inelastic time-dependent resistance are restricted to a statically-
determinate structure 0 This restriction is required because., at this 
time, the derivation for f3 relates the velocity u· with the strain-rate 
in one inelastically deformed section of the structure 0 If more, than 
one region of inelastically deformed material exists, and if these 
regions form at the same time and are deformed at the same rate, the 
derivation presented here can be usedo However, for most indeterminate 
structures, the inelastic regions form at different times and are 
deformed at different rates so that, for these structure~ some procedure 
for relating the velocity with the strain-rate in each region must be 
developed before the indeterminate structure can be analyzedo 
;8 
In the final part of this section, a procedure for extend-
ing the analysis to structures in which strain-hardening of the material 
occurs is described. In this procedure, the time-dependent resistance 
is used, considering that the structure to be elasto-plastic, until the 
static re~istance incl~ding the effect of strain-hardening provides 
a resistance that is either equal to or greater than the time-dependent 
resistance for the same displacement. For all larger displacements the 
static resisting function is used. This procedure is only approximate 
and should be studied further. 
IV • SOLUTION AND APPLICATION OF THE TIME-DEPENDENT 
RESISTnlG FUNCTION 
15 . Introduction 
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In the previous section, it was assumed that the inelastic 
time-dependent resisting function for the s-d-f model could be 
expressed as: 
u' = r' + aKT[r - rfp] . 
This form of the resisting function requires that the parameter aKT be 
expressed as a function of the velocity u' given by 
In thi$ section, procedures for solving Eq. 33 are described for __ 
problems in which the s-d-f model is deformed as a given function of 
time '01'. Finally, the solution of Eqs. 33 and 34, combined with the 
[34] 
equation of motion for the s-d-f model is described and the results of 
three illustrative solutions discussed. 
16. Solution of the Resisting Function Equation 
Before proceeding with the solution of Eqs. 33 and 34, let 
us consider the resisting function, Eq. 33, when the displacement occurs 
at a constant rate. In this case the parameter a KT is a constant 
given by 
a KT = u I / (r t - r ) 
c fp fp (35) 
and the resistance r as a function of T can be found by solving the 
following equation: 
40 
r' + o:KTr = u~ + a KTrrp 0 
The solution of this equation, subject to the initial condition that r 
equals r when T equals zero, is 
o 
u 1 
r(-r) = r fp + (ro - r fp ) exp(-OKT 1') + O:~T [l-exj?( ... CC'T)] and ro ~ rfp • 
Since o:KT is given by Eq. 35, the resisting function can be expressed 
as 
r(-r) = ro exp(-O:!{TT) + r fP [1 - exp(-aKTi)] 
where r fp is the tlfully-p1astic
l1 resistance corresponding to the applied 
velocity u t • 
C 
Consider the s-d-f model displaced at a constant rate u' 
, c 
from zero displacement. In the elastic range the resistance r equals 
the displacement. This elastic response is terminated when the displace-
ment and resistance equal urp and r fp ' respectively. For this problem 
.:Urp and r fp have been selected as 1.12. For displacements greater than 
1.12 the inelastic resisting function, Eq. 36, applies withr' equal to 
o 
1.12 and the time measured from the instant'when the displacement 
equals 1.12. The resi'stance and displacement of the model are shown in 
Fig. 17 as functions of 't" for r f:p equal to 1.75 and an o:Kr of 1.0. At 't" 
equals 0, the resistance r is changing at the same rate as the displace-
ment and, as shown in Fig. 17, the initial slope of the resistance-
displacement relationship in the inelastic range is equal to the elastic 
slope. 
If the velocity of the mass ,is changed when the resistance 
is inelastic a variety of resistance-time and resistance-displacement 
41 
relationships can be obtained. Consider that the model is displaced at 
the rate u~ until l' equals 1'1' at which time the velocity is changed to 
a value of uJ.... For illustration, the dynamic lIfully-p1asticff resistances 
corresponding to the rate uJ... have been selected as 2·50 and 1.25. The 
time at which the rate is changed have been taken as 1.0 and 4.0. The 
resisting functions corresponding to these conditions are shown in 
Fig. 17 as branches to the previously determined resistanceo From the 
figure, it can be seen that a variety of resisting functions, as either 
functions of time or displacement, can be obtained and that the resist-
ance depends only on the resistance at T = 0 where ,1' is measured from 
the instant the change in velocity occurred. 
The problem described previously is the only case in which 
the solution can be conveniently obtained. For displacement histories 
other than a constant rate the parameter aKT varies ·with the velocity 
as shown by Eqo 34. In these cases, the solution for r as a function 
of or can be obtained by numerical step-by-step integration- If the 
resistance and rate of change of the resistance r U at the time ~ are 
o 
denoted by r and r U ~ the resistance at the time 1'1' which equals 
o 0 
(1' + 81'), is approximately 
o 
[37] 
where r l and ri are the resistance and rate of change of the resistance 
at 1'1° This expression is obtained by assuming that the rate of change 
of the resistance in the interval. 81' is linear - The rate of change of 
the resistance at 1'1 must satisfy differential equation, Eq. 35$ which 
can be expressed as 
[38] 
With Eqs. 37 and 38 the following iterative procedure can be used to 
determine r l and ri at Tl : 
1) Given the resistance r and rV at T = or j the 
000 
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displacement as a function of T, and the relationship between aRT and u f j 
Eq. 34; 
2) Assume a value of ri at time 'tl = ('to + 5'1'); 
3) Compute a first estimate of r l using Eqo 37; 
4) Determine u ~ a.nd a RT from the given displacement 
history and Eq. 34, respectively; 
5) Compute a new estimate for ri using Eqo 38; 
6) Repeat steps 3 through 5 until the value of r1 is 
determined to the desired accuracy. 
This iterative procedure converges to an answer if the time 
interval 0'& is less tban~ 
OT < [2/aKT] 0 [39] 
Actually rapid convergence is obtained if at is less than (l/aKT ) 0 
The selection of OT by this criterion insures that the iteration 
converges without insuring that the answer obtained is correct 0 
17. Solution for the Response and Resistance of the S-D-F Model 
In general~ the problem requiring solution does not 
involve determining the resistance of the mode~ for a given displace-
ment~ but involves the determination of the response and resistance of 
the s-d-f model when the model is subjected to the load p( 'r) • In this 
case» the motion of the mass can be obtained by solving the differential 
equation-or-motion for the model 
[40] 
with the resisting function i Eqo 33~ The parameter aKT is given by 
The constants n3 B, [8.M t /M ], Ci ~~ T and r~ are determined sy do../:" 
by the configuration of the given structure and the distribution of the 
load p( -r)o 
For a general loading function p( -r ) ~ the simuJ. taneous 
solution of Eqso 33 and 40 can be obtained by numerical step-by-step 
integration 0 In the discussion to followJ the integration of' Eqo 40 
is obtained by a method developed by Newmark and discussed in 
references (32) and (42) c If' the subscript It of) refers to the magnitude 
of' the quantities at l' equals 't' and the subscript "1" refers to the 
o 
magnitudes of' the quantities at ~ equals '1'1 which is equal to 
( -r + 01')>> the displacement u~ veloci ty u u!J acceleration un 3 resist-
o 
ance r i and rate of change of' resistance r 9 j at ~l can be found from 
the given values at -r by the following expressions: 
o 
ul = u + U t 8 -r + (57
2;6) [2u" +.1i{] o 0 0 _ 
The solution of Eqso 41 can be obtained by the following iterative 
procedure: 
[41-a] 
[4l-b] 
[4l-c] 
[4l-d] 
[41-e] 
[41-f] 
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1) Assume values for uJ. and r.i.; 
2) Compute uJ. using Eq 0 41-b ; 
3) Compute the value of (OKT )1 using Eqo 41-f; 
4) Compute r 1 using Eqo 41-d and the assumed value of ri; 
5) Compute a new estimate of ri using Eqo 41-e; 
6) Repeat steps 4 and 5 using the value of aRT from 
step 3 until the value of r1 is determined to the required accuracy; 
7) Compute a new estimate of ~ using Eqo 41-c and the 
resistance from step 6; 
8) Compute new estimates of uJ.. and an as in steps 2 
and:; using the ~ computed in step 7; 
9) With the value of r1 in step 6» find a new estimate 
10) Repeat steps 4 and 5 ~til r 1 is determined to the 
desired accuracy; 
ll) Repeat steps 7 through 10 until the values of ~J ~J) 
r 1 , and ri are determined to the desired accuracy; 
12) Compute the displacement ~ using Eq 0 41-a 0 The 
iteration procedure for the time interval is completed by the computa-
tion of the displacemento It has been found that increased speed of 
computation can be obtained by iterating r only to a reasonable estimate 
and then iterating UVfo This modificat1on'contim~y adjusts all of the 
values 0 
The convergence criterion for this procedure can be 
considered in two parts since the iteration is applied entirely to the 
resisting function for a number of cyclesJ and then the response 
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equation is iterated 0 The convergence criterion for the iteration of 
the resisting function is 
[42] 
For the iteration of the equation-of-motioD$ the convergence criterion 
is 
m/2J 22 2 [O'ir]ma,x = [a K J{ 4lt ] + [Q KT /41!] + [1/ It] [4:;] 
Convergence of· the iteration occurs when the time interval 8~ is 
selected to be less than the minimum [8~] given by Eqo 42 or 430 
max 
The relationship between [01'] and (lET is shown· in Fig 0 180 From 
max 
this figure it can be seen that Eqo 42 provides the smallest interval 
when aKT is greater than n: J'2 p and that Eqo 43 applies when aKT is 
less than 1C.[ 2 0 Selection of the interval by Eqs 0 42 and 43 insures 
only that the procedure convergeso However~ this convergence does not 
insure tha t the answer is correct c> The problem of determining the 
stability limit for equations ·of the type given by Eqs 0 33 and 40 bas 
not been consideredo 
In order to illustrate the use of the numerical step-by-
step integration procedure and to indicate the magnitude of the time-
dependent resistance for typical stru~tures~ three sample problems 
have been solvedo The constants for the structure p shown in Figo 19~ 
were selected so that the structure represents a typical steel frame 
with a period of 005 seconds 0 This structure is considered to be 
loaded with an initial peak triangular load with peak magnitude and 
duration indicated in Figo 20,9 applied as a concentrated load along 
the top girder axis as shown in Figo 210 With the constants given in 
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Fig 0 19;; the relationship between ex BT and the velocity u i is as shown 
in Figo 220 The static elasto-plastic and strain-hardened resistance 
are shown in Figo 2;0 
For these problems the structure responds elastically 
until. the displacement and resistance equals the static elasto-plastic 
resistance of 10120 For displacements greater than this.$' the time-
dependent resisting function is used with a static n fully-plastic" 
resistance rfp of 10120 The equation-ot-motion and the resistance 
equation were integrated by the numerical step-by-step integration 
procedure using a 01" of 00010 When the displacement of the structure 
reached a maximum value and the velocity U U became negative;; the 
structure was assumed to behave elasticallyo 
The computed response and resis·~ce as a function of the 
displ.acement are shown in Figs & 24~ 25~ and 26 and the results are 
summarized in Figs 0 27 and 280 From the resistance levels shown in 
these figures, it can be seen that the time~dependent resistance can be 
appreciably greater than the static "fully-plastic" resistance 0 If the 
static res!stance J shown in Figo 23» which includes the effect of 
strain-hardening of the material» is used in the estimation of the maxi-
mum displacement, the three given loads would produce the maximum 
displacements shown in Figo 270 The per cent differences between the 
maximum displacement determined with the time-dependent resistance and 
the static strain-hardened resistance are indicated in the figureo 
In Figo 28,l) the maximum values of' the resistance are compared 
for the three cases indicated 0 The dyna:mic elasto-plastic resistances 
indicate tbat.l7 for a structure with a static lower y:i,eld stress of 
33,000 psii the elasto-plastic resistance level required in the dynamic 
analysis corresponds to a lower yield stress of from 41»000 to 44;;000 paio 
V·O COMPARISON OF THE PBEDICTED AND MEASURED RESPONSE 
OF BEAMS AND MODEL FRAMES 
18c Introduction 
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In the previous sections, the s-d-f model for a statically-
determinate structure bas been defined and the form of the inelastic 
resistance, with the required parameters$ derived from the information 
in the available llteratureo The results of a comparison of the 
response of simply-supported beams and model frames predicted using 
the s-d-f model and inelastic resistance and measured in tests of these 
structures are presented in this section 0 The results .of the tests 
used in this comparison have been reported'in some detail in references 
(18)~ (19), and (46)0 .Thus only a brief summary of the test procedures 
bas been presented herea 
190 Description and Results of the Tests of the 3 I 705 Beams 
Six beams~with a 3 I 7.5 section of the dimensions shown 
in Figo 29 were tested as simply-supported beams subjected to a 
concentrated load applied at midspano Two of' the specimens» 20 S and 
60 S, were tested statically, and the remaining four were dynamically 
loaded in a drop test apparatus 0 ·In the center of the beams a stub 
system.!' shown in Fig., 30; was rigidly attached to the bearno This stub 
restrained the center section of the beam arid insured that the inelastic 
action occurred in the beam sectiono 
In the static tests, the beams were supported at the ends by 
tbe knife-~dg~ system shown in Fig. 310 This support system was 
suspended from the test frame by tie bars which contained tension weigh-
bars for mea.suring the end reactions during the tests 0 The lateral 
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load was applied by a hydraulic jack system shown in Fig., 31. In each 
of the static tests, measurements of the applied load, the deflected 
shape of the beams, and the distribution of the max;mum fiber strain 
were made .. 
The dynamic tests were performed using the drop-test 
apparatus shown in Figo 32. The simple-support for ·the beam was 
obtained by the pin and roller system shown in Figo 330 Lateralload 
~s a.pplied to ·the stub system by dropping the 500 Ib weight from a 
preset height 0 The load applied to' the specimen was, measured by means 
of a dynamometer placed between the weight and the specimen 0 A previous 
stud.y(17) bas indicated that, with the length of the dynamometer and 
the duration of·the load pulse in these tests, loads can be measured 
satisfactorily. Each of the beains, as shown in Fig .. 34, was tested 
several times to obtain data for several energy-input conditions 0 In 
these tests continuous recordings of the applied load, the deflected 
shape of the beam, and the distribution of the maximum fiber strain 
along the length of the beam were made., The data obtained in these 
tests are reasonably accurate but probably are subject to reading 
errors and errors arising from the occurrence of secondary phenomena .. 
For this reason the test results used in the 'comparison may contain 
errors of approximately 10 per cent of the measured maximum magnitudes. 
,Some of the results are undouptedly more accurate than thiso 
For each of the beams tested, a section of the beam was 
removed and cut into tenSion coupons to determine the static stress-
strain relationship for the material. The lower yield stresses optain-
ed in these. tests have :b~en summarized in Fig" 350 From this figure ~ 
it is obvious tha t rolled mild steel sections of this size are far from 
homogeneous and that considerable variation in the lower yield stress 
occurs in a given cross sectiono This variation in the yield stress 
through the beam results in a, great deal in the uncertainty in the 
yield stress magnitude to be used in. the dynamic or static a.naJ.ysiso 
In the case of the dynamic test specimens 3 an insufficient number of 
coupons were obtained and the yield stress cannot be accurately deter-
mined 0 
The moment-strain and l~~deflection relationships 
obtained from the static tests are show· in Figo 360 The magnitudes of 
the yield moments, loadsp strains and deflectioDS p used in this figure 
are presented in Fig. 370 In both of the specimens yieldings as noted 
by the cracking of 'whitewash or stress-coat!) occurred at' a load 
considerably smaller than the load noted in Figo 370 This discrepancy 
appears because the yield magnitudes in Figo 37 were determined from the 
moment-strain relationship by considering the average of the measured 
'., 
relationship for several sections along the be8.I!1o The measured moment-
strain and l.oa.d-deflection relationships are compared in Figo 36 to the 
predicted relationshipa~, It can be seen that the.elasto-plastic 
theory with an extension to include the effect of strain-hardening 
provides reasonable estimates of the static response and resistance for 
a fairly large range of deflections 0 This is particularly true for 
specimen 20 S which was not subject to severe lateral buckling until. 
the deflections were largeo In the case of specimen 60 S~ the early 
development of lateral buckling produced the pronounced flattening of 
the resistance when the deflections were greater than 5 times the 
elastic limit deflectiono 
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From the results of the dynamic tests, which are summarized 
in Fig. 34, some observations of the difference between the static and 
dynamic resistance can be made~ If the maximum deflection is determined 
as a function of the energy stored in the beam for var.ious values of the 
static yield stress, the curves shown in Figo 38 are obtainedo By 
plotting the results of the tests with these curves~ the approximate 
level of the dynamic yield stress can be determinedo From Fig" 389 it 
can be seen that as the energy-input increased the yield stress also 
increased" Since the time of the maximum deflection~ shown in Fig" 35, 
did not increase appreciably, the velocity of the specimen increased as 
the energy-input increasedo The strain records also indicate that the 
strain-rate increases with the energy-inputo From this it appears that 
the resistance of the beam depends on the velocity of the beamo 
200 Description and Results of the Tests of the Model Frames 
The material contained in this section' bas been abstracted 
from Reference 460 The model frames were two column bents with a rigid 
top girder and fixed column bases and with the dimensions shown in 
Fig. 390 The columns were approximately one-quarter scale models of 
the standard 6 WF 2500 section and were oriented in the x (strong) 
direction of resistanceo The column sections were machined from strips 
cut from a 2 in. thick ASTM-A-7 plate which were stress relieved before 
machining. The average stress-strain relationship for the material 
indicate that the static lower yield stress is approximately 443700 psi" 
These frames were loaded laterally along the axis of the top girder by 
means of the 20 kip capacity pneumatiC loading unit as shown in Figo 400 
In ea.ch test the lateral ~oa.d was applied as a step pulseo However,Y 
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some decay of the load occurred as the deflection of the, specimen 
increased 0 In these tests7 measurements were made of the applied load,? 
the deflection of the top girder~ the acceleration of the top girderp 
and the maxjmum fiber strain at the critical sections of the columnso 
A summary of the results of these tests is presented in Figo 410 The 
value of the applied ~oad i'n this figure is the value of the initial 
peak load which occurred approximately 6 milliseconds after the start 
of the testo In addition to the dynamic tests,9 one frame was statically 
loaded 0 
Since the acceleration of the top girder was measured in the 
dynamictests9 it was possible to estimate the resistance of these 
frames by assuming that the frame responsed as a single-degree-of-freedom 
system 0 The resistance of the frames deduced from the measured loads8 
accelerations and displacements are. compared·with the predicted and 
measured static resistance in Fig 0 420 As shown in Fig 0 42Jl there are 
major differences between the theoreticaL" static and the measured static 
and dynamic resistance in the elastic range of the responseo It can be 
seen that the experimental stiffness of the frame is considerably smaller 
than the predicted stiffnesso A shake-down test of a beam formed from 
the column section with approximately the same boundary conditions 
indicates tbats as the number of cycles is increasedJ the stiffness 
gradually approaches the predicted stiffness if some inelastic bebav1C?r 
occurs in each cycle (46)0 It can also be seen in Fig 0 42 that the 
static resistance measured in the test differs appreciably from the 
predicted and the dynamic resistance for large displacements 0 ~s 
discrepancy is probably caused by local and lateral failures of the 
columns which occurred in the static test but which do not have time to 
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occur in the dynamic tests 0 The results shown in this figure also 
indicate that the time-dependent resistance occurs only in the initial 
phases of the inelastic response. When the displacement exceeds 
approximately 10 times the yield displacement3 the static resistance 
provides the best estimate of the dynamic resistanceo This merging 
of the dynamic time-dependent resistance and the predicted static 
resistance bas been used in discussing a procedure for including the 
effect of strain-hardening on the resisting function of the s-d-f 
model. 
2l. Comparison of the Predicted and Measured Response 
From the test results summarized in the last two sections 
various aspects of the derivation of the time-dependent functions for 
the s-d-f model can be partially checkedo Let us consider first the 
application of the s-d-f model and the resisting function to the 
various test specimens without att~ting to check the derived magni-
tudes of the parameters and constantso As discussed in Section III, 
the s-d-f model can be described by the period T, the elastic limit 
resistance R ,the static fYfully-pla.stic tf resistance Rfp3 the elastic 
sy 
limit displacement w , the constant t3, and the shape factor Co The 
sy 
values of the parameters for the test specjmens are summarized in 
Figo 43. It can be seen that in the case of specimens 47 D and 49 D 
two values of yield stress and~, respectively, have been used. In 
each case, the values are within the possible scatter limits for these 
constants. Wi th the values of B, n, C and t3.9 the re1.a.tionships between 
aKT and u f for the specimens were determined and are shown in Figo 440 
The values of the elastic limit resistance and the period were used to 
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obtain the dimensionless load and time required for the analysis. The 
response U(T) was computed for each of the specimens by the numerical 
procedure outlined in Section IV. 
The predicted response of the beams and frames are compared 
with the measured response in Figs. 45, 46, 41, 48, 49 and 50. For 
comparison purposes, the applied load and the resistance as a function 
of the displacement are also shown in these figures. A brief summary 
of the results of the comparison is presented in Fig. 51. The per cent 
errors in the predicted maximum displacements, as indicated in Fig. 51, 
show that the derived magnitudes of the parameters are reasonable but 
some adjustment is required. In particular, the parameter t3. required 
appreciable adjustment in the case of beam 49 D. UnfortUDately, the 
determination of t3 requires considerably more data than are available 
from these tests. It can also be seen that, particularly in the case 
of' the ;frame tests, the period used in the computations is apparently 
in error. 
Since rather extensive strain measurements were made in the 
beam tests and since yielding starts at the center of the span and 
spreads along the beam, some information on the nature of the yield 
mechanism can be obtained. When yielding started at mids:pan there was 
a definite tendency for the strain at sections removed from the center 
to remain at a constant level for an appreciable time before yielding 
occurred.. The length of time during which the strain remained nearly 
constant varied with the magnitude of the strain and the location of 
• 1. 
the gaged section. TYPical examples of the strain history at sections 
along the beam are shown in Fig. 52. 
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During the time when the strain remained constant, the 
deflection of the structure increased indicating that the deflection 
results from the increaSing curvature at the sections where active 
yield is occurring.. This strain-time history, as shown in Fig. 52, is 
similar to the history obtained by Clark and Massard for constant 
stress tests to determine the delay time for yieJ.ding" By collecting 
the strain-time relationships for the various sections along the beam 
and noting the permanent set of the strain at the end of the test, a 
diagram simi~ar to the time delay for yielding versus str~ss relation-
ship can be constructed as shown in Fig. 53. However, a precise defi-
Dition of the delay-time for yielding as a function of the stress cannot 
be obtained from this data because there is a possible. time lag result-
ing from the peam's motion. Of some interest, however, is the com,parison 
o:f the upper and lower bounds in Fig. 53 with the results of constant 
stress tests. The values of k and (J :for the upper and lower bounds are 
o 
compared in Fig. 54 withs;miJar parameters obtained :from constant 
stress tests. The definitions of k and (J are presented in Appendix A. 
. 0 
This comparison indicates that the value of (J is reasonable but that 
o 
k is too small and the delay times are , consequently, too long. 
In deriving the resisting function for the s-d-f model, 
it was assumed that the static load-deflection relationship for the 
structure could be used in relating the model and the structure. The 
relationship between the maximum elastic fiber strain at various 
sections along the beam can be used to evaluate the accuracy of this 
assumption. The relationship between the elastic strain and deflection 
for three of the test beams are shoWn in Fig. 55. It can be seen that 
the deflected shape of the beam differs from the static deflected 
shape in the elastic range. Part of this discrepancy, however, is 
related to the difficulty'of measuring the displacement and strain at 
the same time. Also it should be noted that this comparison is for the 
elastic response of the beams which occurs only during the first few 
milliseconds of the test. 
From the inelastic strains at a section 2-1/2 in. from 
the central stub, the variation of the parameter ~ /~ with the maximum p e 
* fiber strain can be approximated. Unfortunately, the maxjmum strain € 
m 
had to be determined by extrapolation. As shown in Fig. 56, the experi-
mentally determined relationship of ~ /~ differs appreciably from the p e 
derived relationship- However, in the limiting condition where the 
maximum fiber strain is large, the derived and measured values of ~ /~ p e 
are in fair agreement and are scattered about the values used in the 
computations. A part of the deviation in the measured and predicted 
values results from the extrapolation of the strain at the 2-1/2 ino 
section but undoubtedly some error results from the approximations 
made in the analysis. Unfortunately, the strain records could not be 
consistently studied for the relationship between the strain and the 
constant~. However, from the derivation of ~, it appears that, if the 
derivation of (~p/~e) is correct, the final value of ~ will also be 
correct. 
22. Smmary 
The comparison between the experimentally measured and the 
predicted response, obtained using the time-dependent inelastic resist-
ance, indicates that the response of statically-determinate structures 
can be predicted with reasonable accuracy using the parameters derived 
from the information in the literature and from consideration of the 
static inelastic response of the structure. 
In particular, for the test of specimen 47 D it was found 
that a yield stress of 37.5 ksi was required to predict the response. 
For the other beams, reasonable estimates could be obtained using a 
stress of 32 ksi. This difference in the yield stress, however, is 
within the range of the yield stresses obtained from static tension 
tests of coupons taken from several locations in the cross section and 
that a corresponding difference in yield stress exists· between the 
static test specimens. 
Some variation in the magnitude of the parameter t3, which 
reflects the distribution of the load, was required to predict the 
response of specimen 49 Do It was found that t3 had to be increased for 
this specimen. It wa~ found that for specimen 49D a greater proportion 
of the length of the beam was inelastically deformed than was noted in 
the tests of the other beams. This increase in L r /L would result in an 
c-
increase in t3. However, the possible variation of ~ with the length of 
the beam cannot be determined from the derivation in Section III and 
further study of the constant t3 is required. 
With the comparison of the measured and predicted response, 
it can be noted that the parameters derived for the time-dependent 
resisting function can be predicted with reasonable accuracy from 
information obtained from simpler tests of the material and considera-
tion of the static behavior of the structure. However, the comparison 
does not indicate that the form of the resisting function assumed here 
is correct but only that, for this reSisting function, the parameters 
can be predicted. 
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VI. APPROXIMATE METHOD FOR ESTIMATING THE DYNAMIC RESISTANCE 
23. Introduction 
The response of the s-d-f model can be estimated with satis-
factory accuracy by means of the time-dependent resisting function 
described in Section IIIo However, the analysis is complex and does 
not satisfy the requirement of ease of application that provides a 
practical solution to the blast-loading problem. In this sectionp an 
approximate method for estimating the dynamic inelastic resistance during 
the time-dependent portion of the response is described. It must be 
noted that the method proposed is approximate and the validity has not, 
at this time, been fully checked. 
In the few eases for which the time-dependent resisting 
function bas been applied to given load-time relationships and real or 
hypothetical structureB~ as shown in Figs 0 243 25 and 26, it has been 
found that the resistance can be approximated by the elastic resistance, 
a n fully-plastic" resistance corresponding to a lower yield stress 
greater than the static lower yield stress, and the strain-hardening 
phase of the static resis-cance. The first and las"t of these phases 
correspond to the static resistance and need not be considered. The 
second phase, during which the resistance is time-dependent, is to be 
defined by the approximate method. 
Since the time-dependent resistance bas been defined in such 
a manner that the resistance level does not depend on the strain or 
displacement rate at each instant of time, there is, at this time, no 
precise criterion for selecting a dynamic tt fully-plastic" resistance. 
However, as is shown, the resistance is not overly sensitive to the 
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velocity of the mass and an approximate solution to the resistance 
problem can be developed. 
24. ApprOximate Procedure for Estimating the Time-Dependent Resistance. 
As stated previously, the time-dependent resistance can be 
associated with the static "fuJ.ly-plastictl resistance of the statically 
determinate structure. In the derivation of the parameters for use in 
the assumed time-dependent resisting function, it was found that the 
dynamic "fully-plasticP resistance of the structure for a displacement 
occurring at a constant velocity can be expressed as: 
[44] 
where r fP is the dynamic "fully-plastic tl resistance, r fp is the static 
tffully-plastic" resistance, and u l is the applied velocity. If the 
correct magnitude of the velocity is estimated, this expression can be 
used to determine a dynamic "fuJ.ly-plastic" resistance that can be 
used to replace the time-dependent resistance. 
Since the dynamic "fully-plastic" resistance, given by 
Eq. 44, changes less than n for a 100 per cent change in the velocity, 
the velocity of the mass at the start of the inelastic phase of the 
response provides a basis for estimating the dynamic resistance. How-
ever, since the velocity of the mass varies during the time-dependent 
response phase, severe fluctuations of the resistance may occur. This 
possibility has been neglected here and it is assumed that the dynamic 
"fuJ.ly-plastic" resistance can be estimated from Eq. 44 if the 
velocity of the mass at the start of the inelastic response can be 
found. 
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With this assumption, the estimation of the dynamic 
"fully-plastic" resistance can be reduced to the following procedure .. 
For the given loading function and s-d-f model, the response U(T) of 
the mass can be determined assuming that the resistance of the model 
is elastic. At each instant of time the velocity of the mass during 
the elastic response can also be determined and, from Eq~ 44, the 
resistance r fp corresponding to the velocity can be found. When the 
resistance r~ equals the elastic resistance at the same instant of 
time, the elastic response is terminated and for successive times the 
resistance is assumed to be plastic with a magnitude r fp • This 
plastiC resistance is terminated when the static resistance, including 
the effect of strain-hardening, equals r~ or when the velocity becomes 
less than zero. 
In order to illustrate this procedure, let us consider 
the three problems that are discussed in Section IVo The relationship 
between the increment in resistance (r~ - rfp) and the velocity for the 
assumed structure is shown in Fig. 570 If the structure remains 
elastic, the displacement, velOCity and elastic resistance r vary with T 
as shown in Figs. 58, 59, and 600 From the velocities, the dynamic 
resistances r~ shown in the figure can be determined from Fig. 570 The 
point of intersection of r and r fp is the dynamic "fully-plastic" 
resistance for the structure. The estimated dynamic resistances are 
compared in the figure to the resistances computed using the time-
dependent reSisting function. It can be seen from these figures that 
the estimated resistances are in close agreement with the time-
dependent resistance. 
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When this procedure is applied to the problem of predict-
ing the resistance of the 3 I 7.5 beams the agreement between the 
predicted dynamic Tlfully-plastci ll resistance and the time-dependent 
resistance is not as satisfactory. The "fully-plastic" and time-
dependent resistances for these specimens are shown in Fig. 61 and 
are summarized in Fig.. 62.. However, the predicted resistances are 
reasonable and, considering the fluctuations that occur in the resist-
ance of these beams, indicate that the approximate method has some merit. 
25. Approximate Relationship for an Initial Peak ~iapgular Load 
In the blast loading problem the applied load, in many 
cases, can be approximated by an initial peak triangular load of dura-
tion 'rl and magnitude Po (31 )(32 ).. The procedure outlined previously 
can be adapted to this problem by simplifying the determination of the 
velocity of the structure. Since the structure is assumed to remain 
elastic until the resistance equals the dynamic "fully-plasticn 
reSistance, the displacements and velocity can be obtained by consider-
ing the equation-of-motion for the s-d-f model with an elastic resist-
ance. For the model and the given loading function this equation-of-
motion is: 
[45] 
The solution of this equation, with the initial condition that ,the 
displacement and velocity are zero when 'r is zero, is 
and the velocity, as a function of'r, is 
(u' /2:Jr.p) = sin 2:n:'r + (l;2:Jt'1.)(cos 2lt'r - 1) [47] 
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As the duration of the load increases, the response of 
the mass approaches that of the model subjected to a step loading of 
magnitude p.. In the case of the step loading, the response is 
o 
(u/p ) = 1 - cos 2~T 
o 
(uf/2~ ) = sin 2~T • 
o 
By e:I.iminating T from Eqs. 48, the displacement and velocity are 
related as follows: 
2 2 (u t /2ltp) + [1 - (u/p)] = 1 • 
o 0 
[48] 
[49] 
This solution represents a circle of radius one with its center on the 
U/1' axis when plotted in the (u/ p , U I /21tp ) plane or the phase plane, 
o 0 0 
as shown in Fig" 63. For the step loading the veloci ty can be found 
by means of the following equation: 
[50] 
If Tl is finite the displacement and velocity are related 
by Eqs.. 46 and 47" In this case, as shown in Fig.. 63, the paths of the 
response in the phase plane are not circles. However, the velocity can 
be determined by the following equation which is of the same form as 
Eq .. 50: 
[51] 
by a sui table selection of the constant Cl .. The constant Cl can be 
interpreted as a pressure coefficient which determines the equivalent 
step load for which the velocity at the selected displacement is the 
same as it would be for the given load-time relationship. Let 
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(u /p , ur/2~ ) be a point on the response of the s-d-f model for the 
c 0 c 0 
given load, as shown in Fig" 64. The problem is to determine the 
velocity u~ at the displacement u
c
• A circle through the origin of the 
coordinate system and the selected pOint, with its center on the u/p 
o 
axis, bas a radius of u /p' where p' is some unknown load. The 
c 
velqcity u~ can now be expressed as: 
u' = 21t ~2 (p / p')p u - u2 
coo c c 
By comparing this expression with Eqo 51, one finds that Cl is equal 
to p /p' • 
o 
The constant C1 for the case of the initial peak triangular 
load, has been evaluated by solving Eqs .. 46 and 47 for u and u' at 
various t~s. 1', and substituting the simultaneous '\~lues in Eq 0 510 
The variation of Cl with u/po for various values of 1'1 is shown in 
Fig. 65. With these relationships the velocity u l can be readily deter-
mined for selected values of u, Po and 1'1" 
The dynamic "fully-plastic" resistance for the s ... d-f model 
can now be estimated in the following manner. For various values of 
the displacement u, the velocityu' can be found from Eq. 51 and Fig. 65. 
The dynamic resistance r~ corresponding to the velocity can be deter-
mined from Eq. 44 using the value of C/f3T for the given structure. When 
the resistance r fP equals the elastic resistance corresponding to the 
displaqement at the same t~e, the elastic response is terminated 0 
VII 0 SUGGESTIONS FOR FUTURE WORK 
26. Introduction 
The definition of the inelastic resistance of mild steel 
beams is only briefly discussed in this report. There are many 
aspects of this subject which have not been considered but which must 
be studied before the estimation of the dynamic resistance can be 
reduced to a simple practicalprocedure~ In this section, some 
obvious failures and gaps in the knowledge of the inelastic phenomena 
which must be studied in the future are presentedo 
270 Behavior of Inelastically Deformed Materials 
The fundamental relationship between the resistance and 
the deformations of materials must be investigated further for a 
variety of deformation historieso This information is required for 
the formulation of the stress-strain relationship and to define the 
physical constants that are required in determining the time-
dependent resistance. 
In connection with the problem of defining the stress-
strain relationship in the inelastic range of deformations, further 
attention should be given to the formulation of a dynamic yield criter~ 
ion.. In Appendix A of this report, a yield criterion has been presented 
by assuming that the rate of change of a parameter, that measures the 
tendency of the material to yield, is some derived function of the 
magnitude of the stress applied to the material. However, this is an 
assumption and further consideration should be given to the possible 
addition of factors which would reflect the effect of other phenomena 
on the tendency of the material to yieldo 
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28.. Sta ti cally Determinate Beams 
The time-dependent resisting function used in this 
investigation has been assumed without any rigorous attempt to verify 
the selected form. However, this resisting function bas been patterned 
after a stress-strain relationship that reproduces some of the observed 
phenomena. Some study of the validity of this assumption should be 
made. 
In deriving the resistance for the s-d-f model to replace 
the actual structure in the dynamic analysis, it was assumed that the 
displacement component of the resistance for the model could be 
obtained by determining the static load-deflection relationship for 
the given structure with the static load distributed over the structure 
in the same manner as the expected dynamic loading., However j as indi-
cated by the test results, this is not necessarily true and some 
consideration should be given to defining the displacement component 
of the resistance in a manner that includes the difference between the 
dynamic and static mode shapes of the structure. 
The definition of the time-dependent resisting function 
requires that several parameters and constants be determined. It 
has been found that these parameters and constants can be derived from 
the available information and from considerations of the static inelastic 
response.. However, the variations of these constants that might occur 
are unknown. In particular, the constant t3 was derived by assuming a 
strain distribution along the length of the beam which contains, for 
simplicity, some obvious errors.. It bas also been found. that this 
constant varies in magnitude as the configuration of the specimen 
changes even though the load distribution is the same. 
The approximate procedure discussed in Section VI 
indicates that the dynamic resistance for statically determinate 
structures can be estimated by means of the constants and parameters 
derived for the time-dependent resisting functionG In addition, proced-
ures of the type described are independent of the actual form of the 
resisting function and are based entirely on the results of simpler 
tests of the material. However, further consideration must be given 
to the validity of the selected criterion for estimating the dynamic 
"fuJ.ly-plastic" resistance. 
29 · Beam-Columns 
The extension of the present method of analysis to the 
case of a dynamically loaded beam-column is readily obtained if the 
beam deforms with only one inelastic region. Since the time-dependent 
behavior is basically associated with the internal resistance of the 
structure, as indicated by Eqo 17, the problem becomes one of determin-
ing the effect of the axial thrust on the moment capacity of the 
section M! 1M . In addition to this correction, the constant ~ must 
.A.p sy 
be modified. The major problem in determining the resisting function 
for the s-d-f model is in developing a simple procedure for subtracting 
the effect of the thrust from the internal resistance to obtain the 
resistance of the model to the applied lateral load. 
30. Statically Indeterminate Structures 
The estimation of the dynamic time-dependent resistance of 
a statically indeterminate structure requires the most extensive consid-
erations since several. basic problems are encountered. First, simple 
procedures for determining the static load-deflection relationship must 
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be obtained. The present trial-and-error procedures are laborious and 
time consuming. Since most of the common structural shapes are closely 
matched with respect to the ratios of the cross sectional dimensions, 
it may be possible to construct a set of stiffness and carry-over 
factors for use in a modified moment-distribution procedure. However, 
the general procedures for analyzing these structures must be reviewed 
for application to problems in which the load-deflection relationship, 
rather than the load capacity, is required. 
Since more than one region of inelastically deformed 
material occurs in the indeterminate structure an~ since these regions 
form at different times and are deformed at different rates, the 
time-dependent reSisting function is complex· 'and some procedure for 
keeping track of the conditions at each of the inelastic regions is 
required. The major problem of determining the resistance of each of 
the regions is in relating the rate of deformation of the binge with the 
velocity of the selected point on the structure. If the velocity of the 
structure can be conveniently related to the rate of deformation of the 
inelastic regions the total resistance of the s-d-f model can be 
related to the resistance of each of the inelastic zones and the final 
procedure will be similar to the method outlined for the s-d-f model of 
the statically determinate structure. 
VIII. SUMMARY AND CONCLUSIONS 
31. Summary of Results 
The dynamic response of statically determinate beams and 
frames is studied in this report by replacing the given structure with 
its distributed mass and flexibility by a single-degree-of-freedom 
model.. This model is selected so that the displacement of the mass of 
the model is equal to the deflection of some selected point on the 
actual structure when the model is subjected to a load that is related 
to the load applied to the given structureo In order to define the 
properties of the model to satisfy these requirements, the resistance 
of the model is defined in terms of the resistance of the structure 
and related directly to the applied load by assuming that the displace-
ment component of the model1s resistance can be obtained by determining 
the load-deflection relationship for the structure statically loaded 
with a force distributed over the structure in the same manner as the 
applied dynamic force. 
In addition to the displacement component of the resist-
ance, it has been found that a mild steel beam exhibits an increase in 
resistance to deformation when the deformation varies 1n th time 0 It is 
assumed that the reSisting function for the s-d-f model can be expressed 
as: 
u = r for O<u<u 
- - ay 
u' = r' + aKT (r - rfp] for Uay < u:5 ~ and u' > 0 .. [52] 
r = r = r{u) for ~ <u.:su 0 s max 
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where u and u' are the dimensionless displacement and velocity, 
respectively, rand r' are the resistance and rate of change of the 
resistance, respectively, rrp is the static tlfully-plastic" resistance, 
r is the static resistance including the effect of strain hardening, 
s 
and aIfr is a parameter. The first of these equations is the elastic 
resisting function for the model and is used until the displacement of 
model equals the dynamic yield displacement udy0 The dynamic yield 
displacement can be estimated by the criterion described in Appendix A 
which accounts for the delay time for yielding. If the delayed time 
for yielding phenomenon is neglected, the dynamic yield resistance and 
displacement correspond to the static "fully-plastic tl condition ° This 
extension of the elastic range to the "fully-plastic" level of resistance 
is necessary since the time-dependent resistance depends on the stress 
conditions and some uniform relationship between the displacements and 
and stress must be maintained throughout the analysiso 
Following the elastic range of the response, the resistance 
of the model exhibits a time-dependent character which is assumed to be 
of' the form indicated by the second of Eqs 0 520 In view of the avail-
able test information, it appears that the total resistance is associ-
ated with the increment of the resistance above the static "fully-
plasticn resistance r tp 0 The parameter, a KT, which appears in the 
resisting function, can be determined from the available literature and 
from consideration of the static inelastic response to be of the form 
[53] 
The constant (~T/C) is determined by the load distribution, the shape 
of the cross section and the stress-strain-rate relationsbip. The 
constant ~, which depends on the load distribution and the relationship 
between the velocity and the strain rate, is approximately constant and 
can be estimated by considering the relationship between the static 
deflection and maximum strains of the structureo The constant C 
depends primarily on the shape of the cross section and the relation-
ship between the lower yield stress and the strain-rate, and can be 
expressed as 
The constants B and n relate the lower yield stress of the material 
to the strain-rate. The constant (8M f 1M ) is essentially a dynamic 
sy 
shape factor for the section. 
The time dependent resistance is terminated when the 
displacement equals ~. The displacement ~ can be either the maximum 
displacement where the velocity u t is zero or the displacement at 
which the resistance obtained from the time-dependent resisting function 
equals the static resistance r s at ~.. As indicated by the third of 
Eqs.. 52, for displacements greater than '\ the static resisting function 
for the model. is used .. 
With the reSisting function defined in Eqs 0 52 three illus-
trative problems have been solved. The constants selected for use in 
these problems are representative of the constants for a full-scale 
steel frame structure subjected to a concentrated load along the axis 
of the top girder. The initial peak tria.ngula.r loads used in these 
problems represent a range of l.oads which might arise from the detona-
tioD of a nuclear weapon. The solutions of these problems indicate 
that the time-dependent resistance rapidly approaches a level that is 
70 
more than 30 per cent greater than the static "fully-plasticll 
resistance for the structure and is maintained during the inelastic 
response of the structure which lasts for approximately 0.40 seconds. 
The magnitudes of the constants derived for the resisting 
function are verified by comparing the measured response of beams and 
frames with the response predicted using the time-dependent resisting 
function.. This comparison indicates that the derived magnitudes are 
essentially correct but that further study of the variation of the 
constants is required. This comparison of the measured and predicted 
response does not indicate the validity of the assumed form of the 
resisting function. The problem of determining the correct reSisting 
function is beyond the scope of this study and the information available 
from the tests of simple structures. 
With the information obtained from the illustrative 
problems and the comparison of the response predicted with the time-
dependent reSisting function with the response measured in the tests, 
an approximate procedure for estimating the dynamic "fully-plastic" 
resistance bas been developed. This procedure is applied by assuming 
that the resistance of the model is elastic and determining the velocity 
and displacement of the s-d-f model for the given load. The dynamic 
"fully-plasticll resistance r~ corresponding to the velocity of the mass 
during the elastic response can be determined from the following expres-
sion 
When the elastic resistance corresponding to the displacements equals 
the dynamic "fully-plastic" resistance corresponding to the velocity 
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at the same time, the elastic response is terminated and for larger 
displacements the resistance is maintained at the constant magnitude 
r f.p until strain-hardening occurs.. For the case of the initial peak 
triangular load, the velocity u' can be approximated by the follow-
ing expression 
1;1 r = 2n:.J 2C p u - u2 1 0 
where p is the peak applied load, u and u l and are the displacement 
o 
and the corresponding velOCity, respectively, and C1 is a constant 
that depends on the load ma.gni tude, the duration of the load, and. the 
displaceme.nt as shown in Fig. 65.. With this expression, the velocity 
corresponding to selected displacements can be computed and the dynamic 
ttfully-plastic" resistance estinBted by the procedure outline above. 
32. Conclusions 
From this investigation of the inelastic resistance of 
mild steel beams subjected to transverse impact, it bas been found that: 
1. In the early stages of the inelastic response j the 
resistance of mild steel beams exhibits a definite time-dependent 
character; 
2. When the displacements of the beam becomes sufficiently 
large, the resistance of the structure is the static load-deflection 
relationship for the beam if strain-hardening of the material is included 
in the static ~sis; 
3. If an inelastic resisting function for the beam is 
assumed, the parameters required in the function can be derived from 
the information available from the literature and by conSidering the 
static elasto-plastic behavior of the structure; 
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4. From a study of the inelastic resistance during the 
time-dependent resistance portion of the response, an approximate 
:procedure for estimating the dynamic nfully-plasticU resistance can 
be developed. 
IX c BIBLIOGRAPHY 
1. Baker, J. F., HA Beview of Recent Investigations into the 
Behavior of Steel Frames in the Plastic Range, If Journo 
Instno of Civil Engrso, 3, 185-240, 1949. 
2. Baker, J. F. and Horne, Mo Be, "Effect of Internal Stresses 
on the Behavior of Members in the Plastic Range," Engineer ... 
ing, 171, 212-3, Feb 0 23, 19510 
3. Beedle, Lo So, "Plastic Strength of Steel Frames, It Fritz 
Engineering Laboratory, Department of Civil Engineering, 
Lehigh University, Report 2050263 19550 
4. BiJ.J.ings, A. W. K., Dodkin, 00 Raj Knapp, F., and Santos, A., 
"High-Head Penstock DeSign, If ASME, Hydraulic Division and 
ASCE Power Division, "Symposium on Water Hammer, fI June 1933. 
5. Brooks, N. B. and Newmark, No Mo, tiThe Response of Simple 
Structures to Dynamic Loads, rt Civil Engineering Studies, 
University of IJ.J.inois, Structural Besearch Series No. 51, 
1953. 
6. 
7· 
8. 
10. 
lio 
12. 
.. Clark, D. S. and Wood, D. So~ liThe Time Delay for the 
Initiation of Plastic Deformations at Rapidly Applied 
Stress,JI Froc. AS~J v. 49, po 717, 1949 .. 
Clark, M. Ee, Corten, Ho To, and Sidebottom, O. M., 
II Inelastic Behavior of Ductile Members Under Dead Loading, II 
Engineering Experiment Station Bulletin No. 426, University 
of Illinois, 1954. 
Conroy, M., "P1astic Rigid AnaJ.ysis of Long Beams Under 
Transverse Impact, II Trans .. ASME, Applied Meche, 1952. 
Duwez, P. E., Clark, Do S., and Bohenblust, H. Fe, "The 
Behavior of Long Beams Under Impact Loading, tI Journ. of 
Applied Mech., Trans 0 ASME, V. 72, 1950. 
Dwight, J. B .. , "An Investigation Into the Plastic Bending of 
Aluminum Alloy Beams, II Research Report Noo 16, The Aluminum 
Development ASSOCiation, London, May 1953. 
Egger, W 0, IlNotes on the AnalYSis of Obliquely Loaded Beams 
in the Inelastic Range,11 Civil Engineering Studies, University 
of IllinOiS, Structural Research Series No. 98, 1955. 
Greenberg, H. and Prager, W., II On Limit Design of Beams and 
Frames," Trans. ASCE, V. 117, p. 447-484, 1952. 
73 
74 
13 It Hall, W .. J .. , nShear Deflection of Wide Flange Steel Beams 
in the Plastic Range, It Civil Engineering Studies, University 
of Illinois, structural Research,Series No. 86, 1954. 
14. Horne, M .. R .. , ITA Moment Distribution Method for the Analysis 
and Design of Structures by the Plastic Theory, IT Froc. Instn. 
of Civil Engrs*, Part III, 1954, (Structural Paper No. 36) .. 
15.. Horne, M. RIO, uA Moment Distribution Method for Rigid Frame 
Steel Structures Loaded Beyond the Yield POint,U Welding 
Research V. 1, No.3, Aug. 1947. 
16. Horne, M. R .. , uThe Plastic Theory of Bending of Mild Steel 
Beams With Particular Reference to the Effect of Shear Forces, II 
Froc. Royal Soc .. , London, Sere A? 2077 1089, 216-228, June 1951. 
17. Howland, F .. L .. , liThe Development of an Apparatus for Applying 
Pulse Loads to Structures," }10 S .. Thesis, University of 
Illinois, 1952. 
18. Howland, F. L., Egger, W .. , Mayerjak, R. J .. , and Munz, R. J .. , 
• T1 Static and Dynamic Load-Deflection Tests of Steel Structures, 11 
Civil Engineering StUdies, University of IllinoiS, Structural 
Research Series No. 92, 1955. 
19. Howland, F.. L .. , II Static Load-Deflection Tests of Beam-Columns, II 
Civil Engineering Series, University of IllinOiS, struct~al 
Research Series No. 65, 1953. 
20. Ketter, R. L .. , Kaminsky, E. L., and Beedle, L. S., llPlastic 
Deformation of Wide-Flange Beam-Columns, II Proc. ASCE, V. 79, 
Separate No. 330, 1953. 
21. Knudsen, K. E., Yang, C. H., Johnston, B. Go, and Beedle, L. S., 
I1P1astic Strength and Deflection of Continuous Beams,t1 
Welding Journal, V. 32, p. 2405-2555, May 1953. 
22. Lazard, A., liThe Effect of Plastic Yielding on Mild Steel 
Girders,1I The Structural Engineer, Feb .. 1954. 
23. Lee, E. H. and Symonds, P. S., ItLarge Plastic Deformations of 
Beams Under Transverse ~ct,11 Journo Applied Mech., V. 19, 
No·3, p. 308, Sept. 1952. 
24. Lee, E. H. and Wolf, H., "Plastic Wave Propagation Effects 
in High Speed Testing, n Journ. of Applied Mech., Vol. 18, 
p. 379-386, (1951). 
25. Malvern, L. E., liThe Propagation of Longitudinal Waves of 
Plastic Deformation in a Bar of Material Exhibiting a Strain-
Rate Effect, \I Grad .. Divo of Applied Math., Brown University, 
All-39/74, 1949-
75 
26.. Manjoine, Mo J., II Influence of Rate of Strain and Temperature 
on Yield Stresses of Mild Steel,1f Journ. of Applied Mech., 
Dec. 1944. 
27.. Massard, J. M., If The stress-Deformation Characteristics of 
Some Mild Steels Subjected to Various Rapid Uniaxial 
Stressings,1I Ph.D. Thesis, University of illinois, 1955. 
28.. Morrison, J. Le, uThe Influence of Rate of Strain in Tension 
Tests, It The Engineer, Aug. 24, 1934, po 183-185. 
29. Nadai, A., IITheory of Flow and Fracture of' Solids, II McGraw 
Hill Book Co., 2nd Edition, 1950. 
30,. Neal, B.. Go and Symonds, Po So 7 "The Rapid Calculation of the 
Plastic Collapse Load for a Framed Structure,fI Proco Instn. 
of Civil Engrs., Part III, po 58-100, 19520 
31.. Newmark, NoM., "Computation of Dynamic structural Response 
in the Bange Approaching Failure, n Proco of Symposium on 
Earthquake and Blast Effects on Structures, Earthquake 
Engineering Institute and University of California, 1952. 
32. Newmark, N .. Mo, HAn Engineering Approach to Blast Resistant 
DeSign," Froeo ASCE~ Vo 79, No. 306, 19530 
33. Prager, W .. and Hodge, P .. Go, f1Theory of Perfectly Plastic 
Solids," John Wiley and Sons, New York, 1951 .. 
34. Roderick, Jo We and Heyman, Jo, rlExtension of the Simple 
Plastic Theory to Take Account of the Strain-Hardening 
Bange," Instn. Mech" Engrs 0, V" 165:; po 189-197, 1951" 
35. Rubin, R. J0 3 IISome Problems Connected with Propagation of 
Stresses Above the Yield Stress in a Material Exhibiting a 
Strain-Bate Effect,11 Proc .. of First Midwestern Conto on 
Solid Mech. , po 133, 19530 
36.. Seely, F. Bo and Smith, Jo 00, "Advanced Mechanics of 
Materials, II John Wiley and Sons, New York~ 2nd Edition;J 1952, 
part V., 
37. Steele, M. Co, Liu, C. K., and Smith,9 Jo 00, IICritical Review 
and Interpretation of the Literature on Plastic (Inelastic) 
Behavior of Engineering Metallic Materials:J IT Dept.. of 
Theoretical and Applied Mechanics, University of Illinois J 
1952 .. 
38. Stuart, D. Ao, "The Propagation ·of Large Amplitude Strains 
in a Work-Hardenable Material, II Dept 0 of Engineering Mechanics 
and Materials, Cornell University, 1954, Contract DA-30-115-0RD-
424, Final Report. 
39. Symonds, P .. Se and Neal, Bo Go, IIRecent Progress in the 
Plastic Methods of Structural Analysis,ll Journ .. Franklin 
Instit., 252, p. 383-407, 468-492, 1951. 
4o.. Symonds, P.. S .. , JlA Review of Methods for the Analysis of 
Rigid Analysis of Rigid Frame of Ductile Material,1I Grado 
Divi~ion of Applied Math., Brown University, 1950; 
All-s6/86. 
41. Taylor, D.. B" C", tlThe Dynamic Straining of Metals Having 
Definite Yield POints,!! Journ. of the Mech. and Physics of 
Solids, v. 3, p. 38-46, 1954. 
42" Tung, T.. P .. and Newmark, N .. M .. , flA Review of Numerical Inte-
gration Methods for Dynamic Response of Structures,u Civil 
Engineering Studies, University of Illinois, Structural 
Research Series No. 69, 1954. 
43. Van Den Broek, J .. A., "Theory of Limit Design,l1 John Wiley 
and Sons, New York, 1948. 
44.. Von Karman, To and Duwez, P., liThe Propagation of Plastic 
Deformations in Solids, n Journ. of Applied Mech., V. 21, 
p. 987-994, 1950 .. 
45.. Vreeland, T .. , Wood, Do S .. , and Clark, D .. Se, IlA Study of 
the Mechanism of the Delayed Yield Phenomenon, II Trans .. ABM, 
v. 45, po 620, 1953. 
46. Wilkinson, C. L., and Howland, Fo L., liThe Response of Model 
Frames to Dynamic Lateral Loads, U Civil Engineering Studies, 
University of Illinois, structural Research Series No. 99, 
1955 .. 
47. Wojcieszak, R. F. and Howland, F. L., TIThe Response of 
Beam-Columns Subjected to Dynamic Lateral Loads, JI Civil 
Engineering Studies, University of IllinOiS, Structural 
Research Series No. 100, 1955. 
48. Wood, D. S. and Clark, D. S., liThe Influence of Temperature 
Upon the Tirile Delay for Yielding in Annealed Mild Steel, II 
Trans. ASM, V. 43, pe 620, 1953. 
49.. Yang, C .. H., Beedle, L. S., and Johnston, B. G., IIPlastic 
Design and Deformation of Structures,tI Welding Journal, 
v. 30, p. 348s-356s, 1951. 
50. Yang, C. H., Beedle, L. So, and Johnston, B. Go, "Residual 
St:ress and the Yield Strength of' Steel Beams, I! Welding Journ., 
Research Supplement, April 1952. 
77 
51. Yokobori, Tit, "Delayed Yield and Strain Rate and Temperature 
Dependence of Yield Point in Iron," Journ. of Applied 
Physics, V. 25, No.5, May 1954. 
52. Zener, C .. and Hoiloman, J. H .. , "Effect of Strain Rate Upon 
the Plastic Flow of Steel,ll Journ. of Applied Physics, 
V .. 15, 1944. 
53. Zener, c., "Elasticity and Anelasticity of Metals," The 
University of Chicago P~ess, 1948. 
54.. Zener, C.. and Hoiloman, J. H., "Plastic Flow and Rupture of 
Metals, n Trans .. ASM, V .. 33, 1944. 
r 
1.0 
~ j--
I I 
I I 
R I ' 
i ' ... m .. P 
I ; 
L _ _ _.i 
I W J 
Fig. 1. The·Single ... Degree-of .... Freedom Model 
Elastic --.- "'Inelastic 
I 
i 
-r (u) 
. a 
r(r ,u l ) 
s 
78 .. 
!t 
I 
ir I max 
I 
ReCOVery~ 
Fig.. 2.. The Resistance of the Model 
~ 
e 
ex r Wp I 
:J~ p 
W K2 
rs :II: K1w for 0 ~ w ~ wdy 
:II f(Kll K2, we' Wp ) for 'Wdy < W 
r 6y 
'W 
P 
79. 
d 
w err >0 
.J 
w p 
Fig.. 3. Mechanical Analog for the Time .... Dependent Resistance 
r 
u • u f'p 8y 
Fig. 4.. Approximate Static Elasto .... Plastic Resistance 
80 .. 
1.0 r---.-.-_-_-_-_-_4~!-~----======:~--------===4--~--------~----------' 
I 
..... 
0.1 
Massard 
blt)~ --- 2MRBA 
---.--.•. -- .-----
----- 2SRBA 
------- 2SSPAT 
---------- 2SSPAL 
MBnjoine 
Morrison 
----- 0.2° /c£ 
--l(- 0.6°/oe 
0.01 
10 .. 4 10"" 10 .... 2 10 ... 1 1.0 10 
Strain Rate, • in. in.-sec. 
€, per 
Fig. 5. Lover Yield Stress as a Function of the Strain ... Rate 
d 
rg 
ttl 
~ 
Lower 
Yield a 
Test Stress max B 
-
n 
ks! a sy 
flsy 
Massard 
2MRBA 37.5 1 .. 67 0.320 0 .. 175 
2SRBA 39.6 1.61 0.350 0.175 
2SSPAT 35.0 1.89 0.432 0.240 
2SSPAl 32.1 1.97 0.469 0.211 
Manjo1ne 29.0 1.90 0-.501 0.241 
Morrison 
002% C 34.4 1.69 0.345 0.137 
0.6% C 43.8 1.96 0.875 ? 0.320 
Fig. 6. Summary of the Constants -B and n 
Oo6r---~--~--~----~--~ --~--~---J L~ I 
! - I B I !- 0 -I 0J-~~ ---+--
,-1--; I! ; 
o 0 I : I I I I; +? 
in computa tioris +1 --t---t------t- ; 
I ! + 
o 
0.4 
-n used 
I ~-__+_-____I----I-----4- ,-+--=---=+=--- ----+ -, --- ---t-+ ----I 0.2 
o 
+ + I n I ! . 
--. ----t ---T----- ---~ ----1----
1.6 1,,7 
a /a 
max sy 
1.8 
Fig" 7" Relationship Between B and n and the Ratio of the 
Maximum Stress to the Static Yield Stress 
2.0 
82 .. 
Bending About X AXis (Strong Direction) 
P E. .. [Eo - !1 [1 - f1 2 3 c cc ::I11III '2 ~ - [}i - !] [1 - fJ' sy c c c 
b [~ -~l [1 - f] n + 2 8M , ........ 2 c 
M = 3 n+ 2 b [~ - ~J[1 - fJ sy c 
-
Bending About Y Axis (Weak Direction) 
b 2 f 2 f. (-) ... (1 - -) (!) 
c c c c 
b 3 f 3 ! (-) + (1 - -) (!) 
c c c c 
f b n + 2 f n + 2 t 
3(bLc)1 - n - (-) + (1 - .... ) (!) 8M c c c c 
M= n + 2 l' 3 f 3 sy 
-
(Eo) + (1 ........ ) (!) c c c c 
Fig. 8 .. M I Equations for Determining -f£ and 8M 
M M 
sy sy 
for Wide-Flange Sections 
I--- - d -.• F I 83. 
I r- cross section constant J I 
-=t-.--- --- -- --. -.-- --.---- .. ---. -- --- .. ----'-"---'-'-- .-- -~t--x 
.. ' -.- ...... --.- L --.. --..... -. -.. -.. -.---.---.-... ---------... -- .. --.--~ ~----' 
10 
8 
\ 
6 
I 
4 ) 
2 
------O~==~-~~==~_~ __ ~ __________ ~ __ _LI ____ ~l ____ ~ __ ~ ____ ~J 
o 0.2 0 .. 4 0 .. 6 0 .. 8 1.0 
Fig". 9. Strain Distribution Along the Length of a Simply-Supported Beam 
Subjected to Two Symmetrically Placed Concentrated Loads 
~ 
€sy 
Fig. 
1=-------... . . - .---- ... -.. ---.-.-- -.- .. -.- -.--.-------.------.-.. --.--.---.. -. -. --.-.- . -- '-'. ----t 
u _____ ~-_~ _ H ---:---~ -~ J ---- X 
10 
8 
6 
4 
2 
0 
10 .. 
~--- - ----.----.--.---.- L 
0 
Wide Flange Section in Strong Direction / 
/ 
/ 
Rectangle and Wide Flange in Weak 
Direction 
--:--...:-=====-=------------
-----
--====-
0,,14.- / 
X L 
0.0 0.2 0 .. 8 1.0 
Strain Distribution Along the Length of a Simply-Supported Beam 
Subjected to a Uniform Load 
----------------~------~----------~---------X o L 
c 
L 
Fig. 11. The Assumed Distribution of the Increment in Strain 
(L) 
M(x) 
~ ________ ~L-____________ ~_______________________ X 
01-1 --x --.I L c L 
Moment Distribution 
'* 
/1 € 1 i~ 
~ ___ ~~_ -:_/_0 _tH---1..-:--::f~~l ~€s~y~-rr-l_€-S~Y_-l!.....! __ X 
o L L 
c 
Strain Distribution 
Fig. 12. The Assumed Distribution of the Total Strain 
84. 
1. 
2. 
3. 
I 
Fig. 13 TYPical Values of L~/L and ~ for Various 
Load Distributions 
Shape of the Cross Section 
Wide-Flange Rectangular and 
Load Distribution Bending About Wide-Flange 
and 'Boundary Cond. Axis x-x Bending About Axis y-y 
L'/L 
c ~ L'/L c ~ 
Simply-Supported 
Beam,Constant Sec. 
Cone. Lds. at dlL 
from Supports 
dlL = 1.0 0·91* 0 .. 088 0·75* 00234 
0.8 0·91* 0·505 0075* 00585 
0.6 0 .. 91* 0.774 0·75* 00811 
0.4 0·91* 0.897 0·75* 00914 
0 .. 2 0·91* 0·975 0·75* 00979 
0.0 0.00 1.000 0000 10000 
Simply-Supported 
Beam, Constant Sec. 0.78 0 .. 163 0058 00304 
Uniform Load 
Cantilever Beam 
a) Conc. Ld. at Free 0 .. 91 0.088 0075 00234 
End 
b) Uniform Load 0078 0.163 0058 00304 
c) Free End Fixed 
Against Rotation 
Conc. Load I 0·91 0 .. 088 0 .. 75 00234 
Uniform Load 0.78 0.163 0.304 
* Actually distance dl/d 
e 
~ 
"e 
1 .. 0 
0 .. 8 
0 .. 6 
0 .. 4 
0.2 
0 
r-- d --~ t-- d ----, kr-----''--------''---. --=:L 
86 .. 
I J i 
1)ooII!'-41 -- 2L --.---------. 
~~~~?=~~===t==~===r==~====::==L-=-:-::I:~ 
1 1 
---+- ------+--~ --:-=-~ -- - ~--~ - ~ 
I -1__ I ,,0.6 
I 'to- __ -.. 1 1 -1"'"- __ , I' I --~ €m . ___ L__ ! i :- --==t..=- ~0.8 
u - :.R. i" : -----, ~e Esy i : ,! : : 
--------r--· I--t-~-- c. : • ~-1~-~ ~ -'--Li ------1 
i 
Wide Flange in Strong Direction ! - .J 
1 .. 0 
. --I 
-------Rectangle and \tide Flange in Weak ! 
IDirection I 
I 
I 
0 .. 2 0.4( ~) 0.6 
1 - * 
€ 
0 .. 8 
5 10 
1 .. 0 
I 
1 .. 0 
1 .. 0 r- --.-,:. ---,------,--.... --·-T- - ---- ! -; : i : 
L.. t= =" ~--+------i-----.;---;--:=10,,4 
: _I '1 : ; J Jo 6 i '1- - - ~---.. --~-- -r- ---~-- 4'="-=:1 " 
! I I . 
i '.. I '; I 
j I 
0 .. 6 1----11'1--------<1----,---~--- - ~ - - ~ - - - - --=--=-=--== +- t=! 0 .. 8 L-__ ~~~~~~~ .. --~:__-_~I--------.. ~I----:I-----:---:! ~ ! ! I : ! ;; 1 
t---+I-------'------ - --cr -------- + .. - .. -.. -.. ~------'-----.------ -. -+----+ 
, \ T Em i !: .. i I 
u' :I: ~ (e) dt" . ! ! : I I 
sy [i!: .-J 
.. .. 1 I __ .1----1-- 1 
0.: r:J=--~+~-~f~=f~==r=~T-=-r 11.0 
0 .. 4 
0 .. 8 fo--. 
) 0.2 0.4(1 _ ~) 0.6 0.8 1.0 
m 
1 
1 .. 0 2.0 5 10 00 
e::/ Esy 
Fig. 14.. Relationship of FJp/f3e and ~ with Maximum Strain for the 
Simply-Supported Beam Subjected to Two Concentrated Loads 
1 .. 0 
0 .. 8 
1 ;L 
----I. - 2L ------tJ 
I 
I ... -----i----.J 
Wide Flange in Strong 
_____ Direction 
Rectangle and Wide Flange 
in Weak Direction 
f3 /f3 0.6 1-----.---.. -..... 1. P e 
i 
0 .. 4 • I -----t---.--.-.~-l .. 
lu = ~ 
I f3
e 
_ ..---------- -'-'- . 1 0 .. 2 
I 
o 
0.2 0.8 1.0 
1.0 
0.8 
0.6 
f3 0 .. 4 I I : 
I! I I t 
I I _-1---------
i : __ -i- -- - i-- _+-i~ --f----I 
--I I . 
---
--- ~-----~~ O~ 
0 .. 2 
I 
0.2 0.4(1 _ ~) 
~ 
0.6 0 .. 8 1.0 
1 2 5 10 
~/ESY . 
Relationship of f3~e and f3 with the Maximum Strain for 
the Simply-BupportedBeam Subjected to a Unif'orm Load 
a 
-
:M 
M By 
2 .. 0 88 .. 
I 
~~r Yield Stress of 1.30 Static 
1.0 I 
o ~ __ ~ ____ ~ __ ~ ____ ~ __ ~ ____ ~ ____ ~ __ ~ ____ ~ __ ~ 
o 10 20 €/ €sy 30 40 50 
(a) stress-Strain Relationship 
2.0 ~wer Yield Stress of 1.30 Static 
~_ A:~::~:::: Stress Varying w1~~~tra1n Rate 
1 .. 0 
Static 
o ~ __ ~ ____ ~ __ ~ ____ ~ ____ ~ __ ~ ____ ~~~ ____ ~ __ ~ 
o 10 20 €/€sy ;0 
2.0 
1 .. 0 
40 50 
(b) Moment-Strain Relationship 
d :L ~. ::x ~. Probable L m 1 .. 0; Static L ;' Resistance 
~-~~~ - - --=--
- ~ --- d 2 
1.0; Probable Resistance 
- - -" stress of L ;' 1 .. 30 Static 
d 2 
..... :: -j Static 
L 3 
o ~. __ ~ ____ ~ __ ~ ____ ~ ____ ~ __ ~ ____ ~ __ ~ ____ ~ __ ~ 
o 10 40 50 20 8/8 30 
sy 
(c) Load-Deflection Relationship 
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Fig. 19. Constants for the Structure Used in 
the Illustrative Problem 
Item Value 
Material Properties Constants 
Static Elastic Limit stress 33,000 
Static Elastic Limit Strain 1,100 
B 0.455 
n 0 .. 281 
Structural. Constants 
Peri¢, T, 0050 
Static "fully-plastic" resistancerfJ? 1.12 
Load Distribution, ~, 0.10 
(5M t /M ] (from Eq. 16) 1.077 sy 
8 .. 7 x 10-5 Section Constant, C 
Structure Constant, I3T/ C 575 
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Unit 
psi 
micro in ,,/in" 
(Sec. )n 
seconds 
seconds 
Fig.. 20.. Summary of the Loading Function Constants 
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Fig. 210 Loading Function and Frame structure Used in 
Illustrative Problems 
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Fig. 23. Static Elasto-Pla.stic and Strain-Hardened Resistance 
93. 
p 
u 
r 
10 
5 
10 .. 0 
o 
1.6 
1.4 
1 .. 2 
1.0 
0.8 
0.6 
0.4 
0.2 
o 
o 
o 
/ 
o 
/ 
f 
7 I 
'/ i I 
o 
0 .. 2 
I 
I 
I I 
I i 
I 
! / I 
I / 
/ 
'/ 
0 .. 2 
V 
I 
i 
i 
i 
: 
I 
I 
4 
0.4 0 .. 6 0.8 
I 
I 
I 
i V--l-
I/V I I 
.1 
!/ V I i i 
V 
! I / I I I 
~- ------. 
---1--~.--
0 .. 4 0.6 0.8 
i~ I 
,-i-
I I 
8 u 12 16 
Fig. 24. Response and Resistance for Case I. Po = 10.0, T1 = 0.2 
94 .. 
2 
P 1 
o 
o 0.2 0.4 0 .. 6 0.8 1.0 
u 
6 ~ 
--~ V 
/ I 
7 --I I I / i I 
/,7 I I 
I 
I 
i 
I 1 
I i 
/ I 
i /1 I I ! 
/ i I i I / I 
V 
. f--.. _._-- f------t-
~ I 
4 
2 
, 0 
o 0.2 0.4 0.6 o .. B 1 .. 0 
1.6 
1.4-
1.2 
r 1.0 
o.B 
0.6 
0.4 
0.2 
0 
+--._-_._._--- ---.-- ~~~1 f----.. V ill / 
/ i / I ti--. / 
o 4 u 6 8 10 
Fig. 25. Response and Resistance for Case II.; Po = 2.0; '1 = 1.0 
2.0 
p 1.0 
o 
4.0 
~ I 
------ .---+------- _____ l- --------t- --"---" 
I I 
-----1 
u 
2.0 
J----+----+--J--- ; -+---T! ---+--~--I 
I. I 
: ~ . ! t 
i ! [ I I 
---- ~------r----l--- -r- --(- ----1---
: I i ----;----i ---l-- ---I 
L---- ---- ---+---~------~--- ----+_ 
iii 
1.0 
o 
o 1.0 2.0 ,.0 4.0 
1.0 
r 
o 
o .. 0 
u 
Fig .. 26. Response and Resistance for Case III} Po D 1.25, 1'1 a 5.0 
1--' 
""-4 
~ 
C'O 
~ 
"1 
Q 
C'D 
~ 
t1 
"1 
~ 
II 
I-' 
8 
~ 
,....., 
........... 
1-3 
~. 
(1) 
I 
~ 
C'D 
~ ~ 
~ 
......... 
I 
........... 
C/.l 
~ 
...,. 
o 
......... 
&.....I 
'-... 
........... CIl 
~ 
...,. 
o 
':-' 
H 
H 
H 
I-' 
.. 
f\) 
V1 
V1 
.. 
8 
-I="" 
.. 
!-oJ 
.J:"" 
0 
.. 
\0 
-1 
V1 
-1 
.. 
\>I 
f\) 
I-' 
. 
-I="" 
0 
0 
a 
~ 
\jJ 
.. 
.J:"" 
B 
\jJ 
0 
0 
.J:"" 
H 
H 
ro 
· 0 
...., 
· 0 
0 
0\ 
.. 
~ 
0 
· .0:> 
I\) 
V1 
0:> 
.. 
...., 
-1 
0 
.. 
\0 
\Jl 
0 
I 
I\) 
0\ 
.. 
\Jl 
I 
I-' 
.J:"" 
.. 
0 
, 
H Case 
-
...... Initial Peak Load 0 
.. 
0 Po 
0 Duration of the Load 
.. 
ro 1'1 0 
~ Maximum Displacement 
. 
U V1 
ro max 
0 Time to Max. Displacement 
.. 
~ T max V1 
...... Maximum Displacement V1 
.. u
max \jJ f\) 
0 Time to Max. Displacement 
.. 
0:> T \Jl max 0 
-
• Per Cent Error in Max. I\) 
-I="" Displacement . 0:> 
I 
I-' Per Cent Error in Time to 
.t="" Maximum Displacement .. 
-1 
----~----------.-----
gg 
~i 
t:S 
1-3 
ir!ii 
O ..... t:::I 
cttllC'O 
...,. ctJd 
o ""'.C'O 
jj Jg a 
~ 
§~CIl 
o ~. S-
c+tIlc+ 
...,. ct ...,. 
o I""· 0 
j:S~ 
tx;I~ 
~ t1 
o n 
"1 C'O 
til l:$ 
e+ 
---------
~ 
...,. 
(JQ 
.. 
I\) 
-1 
.. 
i 
~ 
o 
HJ 
!:x1 
C'O 
til 
~ 
c+ 
m 
I-b 
o 
"1 
c+ 
ffi 
H 
H 
~ 
m 
ct 
~ 
...,. 
~ 
~ g. 
I-' 
C'O 
~ 
\0 
-1 
.-
H H H Case H H H 
f-' f-' ..... Maximum Time-Dependent .. .. .. 
r; ~ V1 Resistance \0 
~ 
..... 
OQ 
.. 
I 
I 
I 
ro (» 
..... ..... ..... 
II Maximum. Static .. .. .. ro ro t=: Resistance 0\ (» 
..... f-' I-' Dynamic Elasto-Plastic .. 
" 
0 
.p- f V1 Resistance 0 V1 
. 
00 
:] 
go 
HJ 
H 
t-Jc+ 
~g 
f-' I-' .... Static Elasto-Plastic 0 .. . 
~ ~ ~ Resistance if ..,. ~ 
~$1 
" 
f\) \.N to Time-Dependent ~'"d 0\ 0 
0 0:> . Resistance 01 (1) 0 Vl 0 ..,of1 
tliScn 
tt6~ 
~ ~()~ ~ ro Maximum Static o (1) 0\ I H 
0 0 0 Resistance '"doJ:S \J1 0 0 tt<() (1) f1 
01 f1 (1) 
c+ ill 
..,.0001 
o til 0' ..,-
..... m 
mg 
() 
(1) 
til 
g 
fit 
~. 
(1) 
~ 
ro ro \.N Dynamic Elasto-Plastic () S- (1) \J1 OJ ():) c+ 1-'-
Q 0 0 Resistance ..,- l:' 0 \J1 \J1 () \0 (» 
99 
Fig. 29. Comparison of the Beam Test Specimens 
Specimen Type of Test Direction Span Effective 
Number Test Section of Between Span 
Bending Reactions 2L (1) (2) in. in .. 
20 S ;17.5 Static ; I 7.5 "x-XU 50 40 
60 S ;17.5 static ; I 7.5 It x-XU 146 1;6 
46 D ;17.5 Dynamic ; I 7.5 "x-XU 90 80 
47 D ;17.5 Dynamic ; I 7 .. 5 tt x-x" 90 80 
48 D ;17.5 Dynamic ; I 7.5 "x-x" 70 60 
49 D ;17.5 Dynamic ; I 7.5 "x-x" ~ 50 40 
(1) and (2) Notation from the AlSC Steel Construction Handbook 
100. 
Fig" 30.. Beam Specimen 60 S 3 I 7.5 Before Testing 
101 .. 
Fig.. 31. Beam Specimen 20 S :3 I 7.5 Before Testing-
Fig. 32. Drop ... Test Apparatus for the Dynamic Tests of Beams 
(The Dynamometer shown in figure was not used in 
the tests of the beams reported here) 
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Fig. 33. End Reaction System for the Dynamic Tests of' Beams 
Fig.. 34.. Summary of the Results of the Dynamic Tests 
of the 3 I 7.5 Beams 
oM 
m 
~ 
Specimen OJ . rdt<"\ C) ~ II>., Number ......... rd (!) ~ . .§ j~ s:: ~ C) ~ tlO (1) +' to ~ ..... +' ,...; . or-iO 
tf.l rd ~ ~ Ul 1+-1 ft...J () :<-g s ~Pi (1) o (1) on .'" (1) 1+-1 H] 8· t=l • fJl ~ HaD ;;~ 0 .. . C) ~ S::..-I .... oPt s::..o ",(l} ~-: .~ ~ 0 .. +'..-1 ~..-li-I ~s:: rdw +' C) ori :g C) 0..-1 itl"g (1) ~ Q) tID 8 J-t"l""l ",-I r-J aJ ~~ I1.l ~ CH on (1) ~M ~ ~ ft...J ~ Ll"\ s:: (1)..-1 ..-I (1) to r::q ......... P:1 P-fS E-IA p;:Jp:j 
46 D 80 3 1..03 3605 0.59 75·0 33.8 3 .. 04 
6 2.20 0.87 74.4 40.0 
12 5.00 1.34 7602 37·5 
24 9.38 2.14 8205 4500 
30 13.42 2075 91.2 46.2 
47 D 80 6 2.25 34.0 0.78 6500 35.0 3.04-
48 23.43 3.94 81.02 4705 
48 D 60 1.2 4.49 22.4 0.86 55.0 3000 4005 
48 20.11. 2.66 6308 3602 
49 D 40 1.2 2.60 1.1·7 0.36 40 .. 0 22.5 6008 
72 26.37 2003 46.2 25·0 
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Fig.. 35.. Summary of the Yield stresses Obtained from Tension 
Coupons. (Based on 0 .. 2 per cent offset) 
Location of the Coupon in the Cross Section 
Specimen Near Tips of Center Junction of Center 
Number Flanges of Flange Flange of Web 
and Web 
psi psi psi psi 
20 S 317 .. 5 28,500 37,200 37,600 
28,500 35,500 35,800 
29,000 
28,100 
60 S 317 .. 5 41,100 36,700 35,400 
38,600 37;200 37,600 
38,600 
38,300 
46 D 317 .. 5 :;6,600 37,500 
38,300 
47 D 317.5 38,000 41,200 
36,800 
48 D 317 .. 5 40,300 35,000 
37,500 
49 D 317.5 36,800 :;6,500 
37,800 
M 
M 
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Fig. :;6. Moment-Strain and Load-Deflection Relationships for 
Static Tests of :; I 7.5 Beams 
Fig.. 37. Summary of the Sta. tic Beam Test Results 
Item 
Elastic Limit Bending Moment 
M , in.-kips 
sy 
Maximum Bending Moment 
M ., in .. -kips 
-ma;x . 
Elastic Limit Strain 
microin.. per in .. 
Elastic Lim! t Load, RST kips 
Maximum Lateral Load, Rma.x' kips 
Elastic Limit Center Deflection 
wsy' in. 
Maximum Center Deflection, wmax' in. 
Elastic Limit Stress, (J , kips 
sy 
per sq. in. (Computed from M ) 
sy 
Specimen Number 
20 S 3 I 7.5 60 S 3 I 7 .. 5 
132.5 
11.00 1200 
13.25 
0.167 1.42 
li.O 
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Fig .. 40.. Apparatus for the Dynamic Tests of tbe Model Frames 
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~ 
Specimen 
Number 
Beam 46 D 
Beam47D 
Beam 48D 
Beam 49D 
Frame 6 
Frame 7 
Parameters Used in Predicting the Response 
of the Beams and Frames 
~ 
0 m 
"f"'I 
'S 
s.:: 
+> 
to CJ 0 t3T m "f"'I Q) CJ t3 c Q) ~~ 8 r-I <U C J.I IH .. (Q +> +>.-1 (]J s.:: ..-f 
oo..-f 00>4 ...:l A • .-1 ~ f1l til 
+>.!i:1 +> +>A i ... -g ~ ~ "" . i:g >-> a ~ til ..-f • .-1 ..... ..... ): 
'" ...:l '0 til ..:t ........... ..:t ... ..:t E-f 
. ~ 
CJ () ~ () to CJ 
'" "f"'I ..-f ..... ..... p::; ..... rg +> +> +> +> 
m m ~ CD to ...; ~o ~ ~ ~ ~ J.I r-I ~ ~~ r::J I!tlW IZ1 r::I 
32 1.07 3.04 0·373 36.5 0.10 0.1005 :;6.32 
32 1 .. 07 3 .. 04 0·373 :;4.0 0.10 0 .. 1005 33.8:; 
37.5 1.25 3.56 0.437 34.0 0.10 0.0675 50.37 
32 1·07 4.05 0.210 22.4 0.10 0.1005 22 .. 29 
32 1.07 6.08 0 .. 093 11 .. 7 0010 0.1005 11.64 
32 1.07 6 .. 08 0 .. 093 11·7 0 .. 20 0.1005 23.28 
44.7 1.49 3·25 0.070 12 .. 1 0.10 O~0387 31.27 
44.7 1 .. 49 3.25 0.070 l2 .. 1 0.10 0.0:;87 31.27 
b 
0.281 
0.281 
0.281 
0.281 
0.281 
0.281 
0.281 
0.281 
Note: In computing C ,-: ,a ,value of n equal to 0 .. 281 and B equal to 
0.455 was used. 
11:; 
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(Q 
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Massaro 
2MRBA 38.2 52 .. 1 24.25 
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Fig. 62. Comparison of the Approximate Elssto-Plastic Resistance 
and the Time-Dependent Resistance 
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APPENDIX A.THE INITIATION OF YIELDD'S 
1. Introduction 
The elastic response of the s-d-f model and the actual 
structure is terminated at some time when the maximum stress in the 
structure exceeds the upper yield stress for the material. For the 
statically loeAed structure, the yielding started when the maximum 
stress equals the static upper yield stress 0 However, when the struc-
ture is subjected to a dj7DBJllic . load and the material is strained 
rapidly, the yield stress may differ appreciably from the static yield 
stress. This difference between the static and dynamic yield stress 
is related to the delayed yield phenomena that bas been studied by 
Clark(6), Wood(48), and Vreeland(45), and Massard(27). Attempts to 
explain and predict theoreti~ the dynamic yield stress and the 
delayed yield phenomena have been made by TaYlor(4l) and Yokobori (51) 0 
The procedure outlined by Taylor is a parametric procedure for estimat-
ing the dynamic yield stress whil.e Yokobori approaches the problem by 
means of the dislocation theory. In the discussion to follow, a para-
metric approach similar to the method proposed by Taylor is presented. 
The procedure outlined here has previously been described in Reference 18. 
2.. S~ of the Constant stress Test Resu1 ts 
From the results of the constant stress tests by Clark, 
'Wood, and Massard it has been found that mild steel can sustain a 
stress in excess of the static upper yield stress without yielding for 
time intervals that depend on the magnitude of the applied stress. 
The relationShip between the stress and the delay time td is shown 
in Fig. 66 and can be expressed as 
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td = exp [-k(~ - 1)] for o < td < 1 sec. 
o 
= exp [-kv] 
where td is the delay time in seconds, a is the applied stress, a
o 
is 
the stress for which the delay time is 1 second, and v is the excess 
stress ratio (a - C1 ) / a. The value of k and a for the various tests 
000 
performed by Clark, Wood, and Massard have been su:rmna.rized in Fig. 67. 
In obtaining the stress-delay time relationship, there is some difficulty 
in defining the time scale properlyo However, in the following discus-
sion it is assumed that the delay time vSo stress relationship has been 
obtained from tests in which the stress is applied as a step function 
with no appreciable rise~ 
3. Criterion for Determining the ~c Yield Stress 
The results of the constant stress tests indicate that a 
criterion of yielding can be developed by defining a parameter ¢ whose 
rate of change with respect to time depends on the instantaneous stress. 
FUrther, the form of the expreSSion relating the delay time and the 
stress indicates that the simplest form of the criterion is obtained 
by relating the parameter to the excess stress ratio v. Thus the 
criterion can be expressed as: 
(d¢/dt) = r(v) [55] 
where ¢ is the pa.ra.mter, and v is the excess stress ratio.. The 
stress a , used as the base stress in the computation of the excess 
o , 
stress ratio is arbitrary and must be readjusted as more information 
is obtained.. In particular, the relationship between the delay time 
and stress at lower stress levels where the delay time is greater than 
, 
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1 second should be investigated further 0 From some of the test 
results obtained by Clark and Wood there was a definite tendency of the 
stress-delay time relationship to become parallel to the time axis when 
the applied stress was nearly equal to the static upper yield stress 
for the materialo The stress at which the relationshi:p changes would 
probably provide a better basis for defining the excess stress ratioo 
However, with the present information, definite recommendations cannot 
be made. The final. form of the yield criterion is, by defini tion~ tba t 
when ¢ is less than some critical magnitude, the stress and strain 
are related by the elastic equations and that when ¢ equals¢ general. 
c 
yielding of the material occurs. 
The function f{v), in Eq. 55, can be determined by 
considering the results of the constant stress tests. In the constant 
stress test, the material is subjected to an excess stress v and 
m 
yielding occurs at the time td after the stress is applied 0 During the 
time interval. 0 ~ t :s tdJl where time is measured from the time when ¢ 
equals zero and the stress equals a , the parameter rJ> increases accord-
o 
1ng to Eqo 55. Since the stress is constant~ f(v) equals r(v )~ and ¢ 
m 
varies as 
(d¢/dt) = f(v ) . 
m 
The integral of this equation is 
¢ = f{v )t 
m 
since ¢ = 0 when t = O. When the time equals the delay time t d, ¢ 
equals ¢ and the material yields so that the function f(v ) is 
c m 
f(v ) = ¢ ltd 0 m c 
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From the results of the constant stress test td is related to the stress 
ratio as shown in Eq. 54, and the final expression for f(v ) is 
m 
f{v ) = ¢ exp [kv ] • 
m c m 
[57] 
If it is assumed that the function f(v) is the same as 
given in Eq. 57 when the stress history is arbitrary, the final expres-
sion for the yield criterion is 
(d¢/dt) = ¢ exp [kv] 
c 
where v is a given function of time. 
The expression for the criterion for yielding, Eq. 58, can 
be readily solved for the case of the constant stress loading and the 
case in which the stress increases at a constant rate. However, the 
more complex stress-time relationships can be solved approximately by 
combining the solutions for these simple cases. 
For the case where. the stress applied as a step function, 
the parameter ¢ varies as a function of time as follows: 
where td is the delay time for the applied stress and Cl is a constant 
determined by the initial conditions. For generality, let us assume 
tba:t ¢ equaJ.s ¢o when t equals zero. Therefore, Cl equals ¢o and the 
change in ¢ in the time tis: 
[59] 
For the case where the stress is applied at a constant 
rate, as given by the following expression 
vet) = v +; t 
o 
where v is the stress ratio at t equals zero, v is a constant, and 
o 
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v(t) is never less than zero, the parameter ¢ can be found as a function 
of' time by solving the follovn:ng equation: 
~ = ¢ exp [lev ] exp [~ t] .. 
e 0 
The integral of this equation is 
¢(t) = [PelkY] eX}) [kvo] exp [krl] + cl 
= [¢c /kV ] exp [kv(t)] + cl 0 
For the initial condition that ¢ equals ¢ when t equals zero, the 
o 
constant Cl is 
and the final expression for the change in ¢ during the time t is 
[60] 
[61] 
The expressions for the change on ¢ given by Eqs .. 59 and 61, 
provide the basic expressions for determining the dynamic y~eld stress 
for a load varying with time.. The procedure consists of replacing the 
given stress relationship with an approximate relationship consist-
ing of segments for which the stress is either constant or changing at 
a constant rate.. For each of the segments, the change in ¢ is determined 
by either Eq. 59 or Eq. 61, whichever is applicable" The change in ¢ 
in the intervals are then summed starting with the interval for which v 
is initially Zero. When the sum of the change in ¢ equals ¢ , yielding 
. c 
of the material occurs.. The times of yielding for three loading 
conditions are shown in Fig.. 68 .. In this figure, the three loading 
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conditions are: constant stress, stress applied at a constant rate, and 
a loading which occurs at constant rate to a stress level and then the 
stress is maintained at a constant value until yielding occurs. From 
the figure, it can be seen that the yield stress for a loading at a 
constant rate is appreciably ~~gher than the yield stress at constant 
stress for the same time for yielding. However, if the constant stress-
rate is terminated at some stress level and this stress is maintained, 
the time of yielding rapidly approaches the constant stress condition 0 
4. Criterion for Yielding in Terms of the Displacement 
The criterion ~or yielding described in the previous section 
has been developed in terms of the stress. However, if a structure is 
represented by a s-d-f model which characterizes the deflection of the 
structure, the criterion is more easily applied if it is expressed in 
terms of the displacement w of the model's mass. Since the mode shape of 
the structure does not change during the elastic response, the deflection 
of the structure can be expressed in terms of the maximum strain in the 
structure as follows: 
* 2 w = t3 [£ L / c] 
e m 
[62] 
where t3 is a constant depending on the mode shape, L is some selected 
e 
* scale distance along the beam, € is the maximum strain in the structt~e, 
m 
and c is the depth of the section from the neutral plane to the extreme 
* fiber where the strain is € .. 
m 
Since the structure is elastic. when ¢ is less than ¢ , the 
c 
stress and strain are related by 
a = Ee 
and Eq. 62 can be expressed in terms of the stress as 
w = f3 a* [12/Ec] .. 
e m 
'* where CJ is the maximum stress in the structure.. When the maximum 
m 
'* deflection of the structure is w , the stress CJ is a so that the 
o m 0 
excess stre~s ratio v is, in terms of the displacement, 
v = (w - w )/w 
o 0 
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[63] 
and the preceding equations derived for stress conditions can be used. 
Further simplification of the criterion can be obtained 
by introducing the dimensionless variables defined by Eq. 3 of 
Section II. If the ratio of w to w is denoted by u , the excess 
o sy 0 
stress ratio v is 
v = (u - u )/u . 
o 0 
[64] 
When the dimensionless variables are used, the time scale is changed 
and the a.na.lysis uses a time T defined by T = tiT.. With this time 
scale the yield criterion is 
¢I = T¢ exp [kv] 
c 
[65] 
where T is the period ~f the structure, ¢r is the rate of change of ¢ 
with respect to T, and v is defined by Eq. 64.. Expressions similar to 
Eqs. 59 and 61 can now be derived for the constant displacement and 
the constant rate of displacement condi tions 0 Thus, for a constant 
displacement, the change in ¢ during the time T is 
[66] 
where td and Td are the delay time corresponding to the applied 
displacement. In the case where the displacement occurs at a 
constant rate u I, the change in ¢ during the time 1." in which the 
displacement changes from ~ to u, is 
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Eqs. 66 and 67 can be used to estimate the dynamic yield 
stress for the s-d-f model by the procedure outlined previously for the 
case in which the criterion was expressed in terms of the stress 0 
5. Summary 
The criterion for yielding described in this section has 
not been checked for the validity since the information on the initiation 
of yielding for other than constant stress conditions is limited. The 
only information available is reported in Reference 40 However, the 
details of the test procedure and the material tested are not avail-
able. In Fig. 69, the yield stress predicted using the criterion is 
compared with the results reported in this referenceo This comparison 
indicates that the parameter approach to the yield problem bas some 
merit but that extensive study is required before the criterion can be 
accepted. 
In applying this criterion to actual structures, several 
other aspects of the problem must be considered. When mild steel 
structures formed from as-rolled sections are statically loaded it bas 
been found that yielding frequently begins at a computed stress 
considerably smaller than the static upper or lower yield stress for 
the material. This yielding, however, is not of particular interest 
when the structure is to be deformed far into the inelastic region 
where the strains are large(2)(20)(50 ). 
When the structure is dynamically loaded, it is' likely 
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that the factors of residual stress and stress concentration may lead to 
yielding at stresses that are considerably lower than the dynamic yield 
stress for the material. Also the time-dependent resisting function 
described in Section III provides for an extension of the elastic 
response to a higher level of resistance. Apparently, the error in the 
computed response resulting from neglecting the raised yield stress is 
not of major consequence if inelastic deflections are greater than two 
or three times the elastic limit deflection. 
From this discussion it appears that the criterion of 
yielding based on the results of the constant stress tests can be used 
to predict the dynamic yield resistance for a structure. However, 
secondary factors that exist in actual structures probably reduce the 
yield stress by an unknown amount and make the rigorous determination 
of the yield point unnecessary. 
r-I 
blbO 
It 
>-
o 
orf 
.p 
~ 
m 
Ul 
-~ 
+» 
to 
r,Q 
m 
Q) 
~ 
P1 
0.
5 1 ! I I 1111 . I I I I I III 
i 
-' 
--~··--·-----~~T--r-··· r--r ' 
0.4 [---T-- .~!. l L114 
_"" ___ j __ c_: ____ . . ! . .!, 
, I ;+Hl! , '~.... J I ! ' -: : 
"" - "I 
----1-- ! T I '.! 
I ~', I 
' 1 ~ : 
; :\ i I : I i 
t I \ I; 
1--- -·NJ! I r-: I T~i -1 iT-llll ~ I I I I I I I I I I 
i I~! I-I i I: I ; I I I 
r ----T 
-r- ,. 
0.2 
0.1 
~--- -Clark and Wood 
Massard 
--- 2MRBA 
- -- - 2SRBA 
------- 2SSPA 
---- NN 
----- NL 
01 IIIIII u i 1---i-ITlr·-~ 
10-2 10-1 1 .. 0 
Delay Time for Yielding, Seconds 
Fig., 66., Summary of Besults of Constant Stress Tests of Mlld-8teel f 
. 
145 
Fig .. 67.. Sunma.ry of Constants for Results of Constant 
stress Tests of Mild Steel 
Static Static Stress 
Source Lower Yield Upper Yield td=l sec .. Stress Stress k 
(J a (j 
sy uy 0 
ksi ksi ksi 
Clark, Wood 3105 39.4 4000 12028 
Massard 
2MRBA . 38 .. 2 48.7 52 .. 1 24 .. 25 
2SBBA 39.6 50 .. 0 5507 32 .. 47 
2SSPA 3304 :;8 .. 2 5400 12017 
NN 52 .. 0 53 .. 7 5503 20087 
NL 55 .. 4 56.0 6500 39·,0 
Note 1.. Description of the Material 
Clark and ,Wood: 0.17 per cent carbon steel annealed in 
dry hydrogen furnace 0 
Massard: MRBA, Machined from hot rolled 1 in 0 diameter 
bar of rimmed steel; SRBA, Polished from hot rolled 1 ina 
diameter bar of rimmed steel; SSPA, Polished from hot 
rolled semi-killed steel plate; NN, Hot rolled low alloy 
3/16 in .. plate; NL, Hot rolled low alloy 1 in. plate .. 
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Fig. 69. Comparison of Predicted and Measured Dynamic Yield stress 
Material Time to Static Measured Predicted Dynamic 
Yield Yields Dynamic Yield Stress 
Stress Yield 
stress 
sec .. ksi ksi ksi 
k = 25 k = 15 
(J = 55 ksi 
0 
(J = 55 ksi 
0 
Plate 1 48 .. 7 59.4 62.3 65.4 
0.1 66.7 67 .. 6 74.1 
0.01 77·9 73·0 83.1 
Welded 1 50.0 60.5 62.4 65 .. 5 
Plate 0.1 7205 67·8 74.4 
0.01 82.5 7301 83.3 
Band 1 53.4 62.5 62.4 65 .. 6 
0 .. 1 67.8 67.6 74 .. 2 
0.01 82.8 73·1 83 .. 3 
APPENDIX B.. TEE STATIC OF DISPLACEMENT COMPONENT 
OF THE RESISTANCE 
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The determination of the static load-deflection re1ation-
ship for an inelastically deformed structure has been treated extensive-
ly by Baker(l), Beedle(3), prager(33), KnUdsen(21), Yang(49), 
Symonds(39)(40), C1ark(7), Ketter(20), Lazard(22), Neal(30), steele(31), 
Van Den Broek(43), Greenberg(12). In many cases, the structures are 
assumed to be formed from an ideal elasto-plastic materialo Extensive 
summaries of the information is contained in References 37 and 40. 
More recently, extensions of the elasto-plastic procedures have been 
made by Roderick(34), Dwight(lO), Howland, Egger, MUnz and Mayerjak(18)0 
These latter studies have indicated that, particularly in the case of 
structures loaded with concentrated loads, strain-hardening of the 
material can result in significant increases in the load capacity of the 
structure, and that the response should be predicted using the complete 
stress-strain relationship for the material. 
From all of the studies a common procedure bas evolved for 
the analysis of inelastically deformed structures. The solution of a 
given problem starts with the determination of the relationship 
between the internal forces acting on a section of the structure and 
the local deformations accompanying the internal force system 0 With 
this relationship between the internal forces and the local deformations 
it 1s theoretically possible to find the force system and local deforma-
tion distribution that satisfy the conditions of equilibrium and 
compat~bility for the given structure and load. However, in order to 
simplify the procedure, the distribution of the local deformations or 
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strains through a section of the structure are usually assumed and 
the internal forces corresponding to the assumed strains found by 
considering the stress acting on the section for selected strain magni-
tudes. In the remainder of this section, the application of this 
procedure to flexural systems is described. 
In the analysis to follow, it is assumed that the material 
is homogeneous and isotropic and does not exhibit time dependent 
characteristics when statically deformed inelastically. It is also 
assumed that the local deformations are a result of flexure only and 
that the thrust applied to a section of the beam is zero. The effects 
of shear are neglected in this discussion and the extension of the 
method presented here is discussed in References 7 and 36. The 
stress-strain relationship for the material, as shown in Fig. 70, 
consists of three phases which are separated by fixed magnitudes of 
the strain. The relationship between the stress and the strain in 
these phases are as follows: 
(J = Ee for 
° 
< e < esy - -
(J = (J for e: < e: < Esh [68] sy sy -
(J = (J + E'[e ... Esh] for esh < E sy 
where (J is the stress corresponding to the strain e, (J is the static 
sy 
lower yield stress, Esy is the strain at which yielding starts, e
sh is 
the strain at which strain hardening of the material starts, E is the 
modulus of elasticity, andE' is the slope of the stress-strain relation-
ship in the strain-hardening range. This stress-strain relationship 
remains valid as long as the strain increases in magnitude so that 
unloading does not occur. It should be noted that strain-hardening is 
assumed to occur as a linear function of the strain. However, mild 
steel does not strain-harden in this manner as shown by Mayerjak(18) 
and wilkinson(46) 0 Egger(ll) discusses a method of approximating 
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the true relationship between moments and strain from the information 
obtained by assuming a linear strain-hardening function. 
For structures in which the primary internal force system 
is a bending couple, the strain distribution through a section perpen-
dicular to the neutral plane can be assumed to be a linear function 
of the distance of the fiber from the neutral plane. Since there is 
no thrust acting on the section, the neutral axis of' 'the section is 
the same as the centroidal axis and the strain is zero at the centroidal 
axis. Thus, as indicated in Fig. 71-a, the strain distribution is 
e(z) =~(z/c) [69] 
where e(z) is the strain at a fiber at a distance z from the centroidal 
axiS, and e is the fiber strain at the extreme fiber which is a 
m 
distance c from the neutral axis. With this definition of the strain 
distribution and the stress-strain relationship, the moment acting on 
the section corresponding to a given maximum fiber strain can be 
computed by integration of the following equation 
M =jf a(z) z dA 
where M is the moment, a(z) is the stress at z corresponding to the 
strain e(z), and A is the area of the cross section. 
For the special case where Ef equals zero, the material 
is elasto-plastic and the moment-maximum fiber strain relationship 
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is readily determined. When the maximum fiber strain is less than Esy 
the moment and the strain are related as follows 
(M/M ) = (E IE ) sy rrf sy 
where M = (J l/c and 1 is the second moment of the area about the 
sy sy 
centroidal axis. When the maximum fiber strain exceeds E ,the sy 
material yields for a distance h from the surface of the beam as shown 
in Fig. 7l.b. The depth of penetration of the inelastic action h is 
related to the maximum fiber strain E by 
m 
(hie) = 1 - (E Ie). 
sy' m 
In this case the bending moment is 
where A is the portion of the area that is stressed elastically and 
e 
lies in the interval 0 < z < h, and A is the portion of the area 
- - p 
[71] 
between the limits h < z ~ c where_ the material is yielded. Equation 72 
provides the relationship between the moment and the depth of penetra-
tion of the inelastic material. Typical examples of thi.s relationship 
are shown in Fig. 72 for a typical wide-flange section with the 
dimensions shown in the figure. It must be remembered that the elastic 
limit moment used in forming the moment ratio is defined to be the 
limiting moment for the particular orientation of the cross section 
with respect to the moment. From Eq. 71, the depths of penetration h 
can be converted into the ratio of the maximum fiber strain to the 
elastic limit strain as indicated by the second abscissa scale. The 
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final moment-strain relationship for the c~oss section is as shown in 
Fig .. 72. 
In the previous example the. effect of the strain-hardening 
of the material is neglected. Now let us consider the moment-strain 
relationship for a material that strain-hardens as a linear function 
as indicated by the stress-str~in relationship shown in Fig. 700 As 
the maximum fiber strain increases from zero to €sh' the material 
behaves as an elasto-p1astic solid and the moment-strain relationship 
is the same as previously determined.. When the maximum strain 
exceeds E
sh' the material strain hardens and the stress distribution 
is as shown in Fig .. 7l-c. In this case, the strain hardening bas 
penetrated a distance hsh from the extreme fiber. The depths of pene-
tration h and hsh are related to the maxiw1m strain and € h and € in 
s sy 
the following manner 
{h/c} = 1 - (e Ie) = 1 - (1 - h ~/c){e Ie h) 
sy' m Sll sy'· S 
[73] 
(h h/c) = 1 - (e ~~/E )(e ~/E ) 
s stY m Su sy 
where e and E h are determined from the stress-strain relationshipo 
sy s 
The bending moment corresponding to the stress distribu-
tion shown in Fig. 7 -d, is a sum of an e1asto-plastic moment corres-
ponding to the maximum strain e and an increment of moment 8M 8 
m 
resulting from the strain-hardening of the materialo The increment 
of moment can be determined by conSidering the small triangular incre-
ment in stress resulting from the strain-hardening of the materialo 
This stress increment is 
oa{z) = E'e [z + (h h - c]/c 
m s 
for < c 0 
.,;,;. 
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The increment in moment OM can now be expressed as: 
(M/M ) = (c/I) ff 5C1(Z) z dA 
sy· JJ 
~h 
= (€n!€Sy)(E1!E)(J.!IW [Z2 + (hsh - c)zl CIA [75] 
ASh 
where ASh is the portion of the cross section betw"een the lind ts 
hsh < Z ~ c. This expression can be written in terms of' the depth of 
penetration of the inelastic material by replacing (€ Ie ) by the 
rtf sy 
corresponding expression for h/ c obtained from Eq. 73. The tot..al 
moment corresponding to the maximum fiber strain € is given by 
m 
e 
m 
where (M/M) is the elasto-plastic moment corresponding to the 
sYEt=O 
strain €. Expressions for the computation of 5M/M wi th various 
m sy 
values of hsh and ~ are shown in Fig:. 73 for a general wi~e-~1.aDge 
section. 
The form of Eq. 75 permits one to develop a general 
procedure for determining the increased moment capacity arising from 
strain-hardening of' the material. Since the rate of strain hardening j 
as measured by E' IE, appears as a mul.tiplier and since the increment 
of moment can be expressed in terms of h and h
sh' it is possible to 
construct a set of curves that relate 8.M/M and h for constant values 
sy 
of h
sh" Typical examples of these relationships for E'/E of 0.01 are 
shown in Figs. 74 and 75 for the wide flange sectiono 
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To illustrate the use of relationships let us consider a 
material that strain hardens at a strain of 15 times the elastic limit 
strain, and that the ratio E'/E is 0.01, 0.015, and 0.02. The values 
of h corresponding to each of the values of hsh shown in the figures 
can be determined from Eq.. 73. When these points are added to the 
increment of moment versus h curves, the dotted curves in Figs. 74 and 
75 are obtained .. With the dotted curves the magnitude of OM/M for sy 
selected values of h can be found for E'/E of 0.01. For the other 
values of E'iE the increment'in moment is obtained by multiplying the 
increment determined for Et/E = 0.01 by the ratio of the given value 
Et /E to 0.01. The total moment for each case is obtained by adding 
the increments in moment determined from the curves to the elasto-
plastic moment corresponding to the same value of h. The final moment-
strain relationship for the three cases are shown in Fig. 76. 
The moment-strain relationship for the cross section of 
the beam provides the required relationship between the internal 
force system and the local defomation. The remaining part of the 
static response problem is the determination of the load-deflection 
relationship for the given structure. If, in some way, the distribu-
tion of the bending moment along the beam can be determined for a 
given magnitude and distribution of load, the deflections of the beam 
are readily determined. As in the case of the elastically deformed 
beam, the strain distribution through a section of the beam bas been 
assumed to be a linear function of the distance from the centroidal 
axis. With this assumption, the curvature at the section of the 
beam where the maximum strain is € is approximately 
m 
155 
if the strain is small.. If the deflections w of the structure are small, 
the curvature can be approximated by the second derivative of' the 
deflections with respect to a coordinate x, oriented along the undeform-
ed axis of the beam. Therefore, if the strains and the deflections are 
small, the deflected shape of the beam w{x) can be obtained by solving 
the following equation: 
The strain distribution € {x} can be found from the moment-strain 
m 
relationship and the known distribution of the bending moment along the 
beam. 
The determination of the load-deflection relationship for 
a statically determinate beam is illustrated by the following 
problem. Consider a simply-supported beam of span 2L and a constant 
cross section, subjected to two equal concentrated loads applied at a 
distance d from the supports, as shown in Fig.. 77.. The load-deflection 
relationship has been determined for the load at the third points and 
for a single concentrated load at midspan. In both cases, the deflection 
a t midspan has been taken as the characteristic displacement for the 
beam. The final load-deflection relationships are shown in Fig. 77-b 
and 77-c for the cross section oriented in the strong and weak direc-
tions respectively. Of particular interest is that different load-
deflection relationships can be obtained for the same structure by 
changing the distribution of the load along the structure .. 
In the case of the statically indeterminate structure, a 
trial-and-error procedure or some modified moment-distribution or slope 
deflection procedure must be used. Several procedures have been 
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proposed by Horne, Mayerjak, and others. Many of these procedures are 
restricted to elasto-plastic systems in which the inelastic deforma-
tions are concentrated in definite restricted regions of the structure. 
However, as indicated by the load-deflection relationships shown in 
Fig. 77, careful consideration must be given to the effect of strain-
hardening of the material which will invalidate the elasto-plastic 
assumption. This strain-hardening effect can lead to appreciable 
increases in capacity of a structure particularly in the cases where 
the inelastic behavior is concentrated in small regions of the structure. 
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